Journal of Functional Analysis 270 (2016) 3344-3452

Contents lists available at ScienceDirect
Journal of Functional Analysis

www.elsevier.com /locate/jfa

JOURNAL OF

Heat semigroup and singular PDEs

I. Bailleul "', F. Bernicot ">

@ CrossMark

(with an Appendix by F. Bernicot & D. Frey)

? Institut de Recherche Mathematiques de Rennes, 263 Avenue du General Leclerc,

35042 Rennes, France

b ONRS - Université de Nantes, Laboratoire de Mathématiques Jean Leray, 2, Rue
de la Houssiniére 44322, Nantes Cedex 03, France

ARTICLE INFO

ABSTRACT

Article history:

Received 16 June 2015

Accepted 11 February 2016
Available online 7 March 2016
Communicated by L. Saloff-Coste

Keywords:

Stochastic partial differential
equations

Paracontrolled calculus

Heat semigroup

Parabolic Anderson model equation

Corresponding author.

We provide in this work a semigroup approach to the
study of singular PDESs, in the line of the paracontrolled
approach developed recently by Gubinelli, Imkeller and
Perkowski. Starting from a heat semigroup, we develop a
functional calculus and introduce a paraproduct based on the
semigroup, for which commutator estimates and Schauder
estimates are proved, together with their paracontrolled
extensions. This machinery allows us to investigate singular
PDE:s in potentially unbounded Riemannian manifolds under
mild geometric conditions. As an illustration, we study the
generalized parabolic Anderson model equation and prove,
under mild geometric conditions, its well-posed character in
Holders spaces, in small time on a potentially unbounded
2-dimensional Riemannian manifold, for an equation driven
by a weighted noise, and for all times for the linear parabolic
Anderson model equation in 2-dimensional unbounded mani-
folds. This machinery can be extended to an even more
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singular setting and deal with Sobolev scales of spaces rather
than Holder spaces.
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

1.1. State of the art

Following the recent breakthrough of Hairer [37] and Gubinelli, Imkeller, Perkowski

[32], there has been recently a tremendous activity in the study of parabolic singular

partial differential equations (PDEs), such as the KPZ equation

(0, — 02)u = (Fpu)” + ¢,

the stochastic quantization equation
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