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1. Introduction

In this paper we deal with atomic and molecular decompositions for 2-microlocal
spaces of Besov and Triebel-Lizorkin type with all exponents variable, including ap-
plications, for example, to Sobolev type embeddings. This work can be viewed as a
continuation of our paper [2], where key properties like characterizations by Peetre max-
imal functions, liftings and Fourier multipliers were studied.

We also refer to [2] (and the references therein) for a review on the scales B*

(
F ;‘(’.) a() helping to contextualize our study. We recall that the investigation of function

).a() and

spaces with variable exponents has been partially motivated by applications to fluid
dynamics [34], image processing [7,18,36], PDE and the calculus of variations [1,13,30];
see also the monographs [8,9] and the survey [19] for further details.

Atomic and molecular representations for the spaces B;‘E and F;‘(’.) a) (so with

constant ¢ in the B case) were already obtained by Kempk)éq in [25]. In the present
article we give characterizations in terms of atoms and molecules for the full scales above
including the difficult case of variable g in the Besov space B;”(.)’q(,) (see Section 4) which,
as we can see later, is far from being a mere extension. In fact, the mixed sequences spaces
£q(-)(Lp(.y) behind do not share some fundamental properties as in the constant exponent
situation (like the boundedness of the Hardy—Littlewood maximal operator), and they
are hard to deal with particularly when the exponent ¢ is unbounded.

We would like to emphasize that even in the cases studied in [25] our statements have
different formulations. The idea is to improve and clarify some points and also to give
additional information which is hard to find in the standard literature on atomic/molec-
ular representations. By this reason we give some proofs and comments in a separate
part (see Section 7).

Another of the main results (see Section 5) asserts that in most cases the convergence
implied in the atomic/molecular decompositions holds in the spaces themselves (see
Theorem 5.1). We show that this remarkable effect, not usually referred in the literature
(but see [6] for an exception in the framework of classical spaces), may have interesting
consequences (for example, to immediately get the denseness of the Schwartz class in the
spaces B;U(~)7q(~) and F;()~)7q(~) when p and ¢ are bounded). Sobolev type embeddings are
also established as application of the atomic decompositions obtained (see Section 6).

In Sections 2 and 3 we review some background material and derive some preliminary
results needed in the sequel.

2. Preliminaries

As usual, we denote by R” the n-dimensional real Euclidean space, by N the collection
of all natural numbers and Ny = NU{0}. By Z"™ we denote the lattice of all points in R”
with integer components. If r is a real number then r, := max{r,0}. We write B(x,r)
for the open ball in R™ centered at x € R™ with radius r > 0. We use ¢ as a generic
positive constant, i.e. a constant whose value may change with each appearance. The
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