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In this paper, we consider the following problem involving 
fractional Laplacian operator:

(−Δ)αu = |u|2∗
α−2−εu + λu in Ω, u = 0 on ∂Ω, (1)

where Ω is a smooth bounded domain in RN , ε ∈ [0, 2∗
α − 2), 

0 < α < 1, 2∗
α = 2N

N−2α , and (−Δ)α is either the spectral 
fractional Laplacian or the restricted fractional Laplacian. We 
show for problem (1) with the spectral fractional Laplacian 
that for any sequence of solutions un of (1) corresponding 
to εn ∈ [0, 2∗

α − 2), satisfying ‖un‖H ≤ C in the Sobolev 
space H defined in (1.2), un converges strongly in H provided 
that N > 6α and λ > 0. The same argument can also be 
used to obtain the same result for the restricted fractional 
Laplacian. An application of this compactness result is that 
problem (1) possesses infinitely many solutions under the 
same assumptions.
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1. Introduction

In this paper, we consider the following problem with the fractional Laplacian:

{
(−Δ)αu = |u|2∗

α−2−εu + λu in Ω,

u = 0, on ∂Ω,
(1.1)

where Ω is a smooth bounded domain in RN , ε ∈ [0, 2∗α − 2), λ > 0, 0 < α < 1, and 
2∗α = 2N

N−2α is the critical exponent in fractional Sobolev inequalities.
In a bounded domain Ω ⊂ RN , we define the operator (−Δ)α as follows. Let 

{λk, ϕk}∞k=1 be the eigenvalues and corresponding eigenfunctions of the Laplacian oper-
ator −Δ in Ω with zero Dirichlet boundary values on ∂Ω normalized by ‖ϕk‖L2(Ω) = 1, 
i.e.

−Δϕk = λkϕk in Ω; ϕk = 0 on ∂Ω.

For any u ∈ L2(Ω), we may write

u =
∞∑
k=1

ukϕk, where uk =
∫
Ω

uϕk dx.

We define the space

H = {u =
∞∑
k=1

ukϕk ∈ L2(Ω) :
∞∑
k=1

λα
ku

2
k < ∞}, (1.2)

which is equipped with the norm

‖u‖H =
( ∞∑

k=1

λα
ku

2
k

) 1
2

.

For any u ∈ H, the spectral fractional Laplacian (−Δ)α is defined by

(−Δ)αu =
∞∑
k=1

λα
kukϕk.

With this definition, we see that problem (1.1) with ε = 0 is the Brézis–Nirenberg type 
problem with the fractional Laplacian. In [6], Brézis and Nirenberg considered the ex-
istence of positive solutions for problem (1.1) with α = 1 and ε = 0. Such a problem 
involves the critical Sobolev exponent 2∗ = 2N

N−2 for N ≥ 3, and it is well known that the 
Sobolev embedding H1

0 (Ω) ↪→ L2∗(Ω) is not compact even if Ω is bounded. Hence, the 
associated functional of problem (1.1) does not satisfy the Palais–Smale condition, and 
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