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1. Introduction

We investigate the well-posedness and long-time asymptotic behavior of periodic dis-
continuous solutions of the Degasperis—Procesi equation. It has the form

Opu — 92w+ 4udyu = 30,ud? u +ud> u, (t,x) € (0,00) x R, (1.1)

trx xxT ™

and is augmented with the initial condition
u(0,x) = up(x), x€R. (1.2)
We assume
ug € L°(R), wg is 1-periodic. (1.3)

Degasperis and Procesi [11] deduced (1.1) from the following family of third order
dispersive nonlinear equations, indexed over six constants «,~, cg, ¢1,ca2,c3 € R:

Ou+ codpu + Y0 u — 205 u = Oy (cru® + e2(0,u)” + caudz u).

Using the method of asymptotic integrability, they found that only three equations within
this family were asymptotically integrable up to the third order: the KdV equation (o =
co = ¢3 = 0), the Camassa—Holm equation (¢; = —%, c2 = %), and one new equation

(c1 = —26%5, ¢o = c3), which properly scaled reads

TTIT txx TTT

Oy + Opu + 6udyu + 93, u — o (63 u+ gawuaiwu + gu83 u) =0. (1.4)
One can transform (1.4) into the form (1.1), see [9,10] for details.

Degasperis, Holm and Hone [10] proved the integrability of (1.1) by constructing a Lax
pair. Moreover, they provided a relation to a negative flow in the Kaup—Kupershmidt
hierarchy by a reciprocal transformation and derived two infinite sequences of conserved
quantities along with a bi-Hamiltonian structure. Furthermore, they showed that the
Degasperis—Procesi equation is endowed with weak (continuous) solutions that are su-
perpositions of multipeakons and described the (finite-dimensional) integrable peakon
dynamics. An explicit solution was also found in the perfectly anti-symmetric peakon—
antipeakon collision case. Lundmark and Szmigielski [15], using an inverse scattering
approach, computed n-peakon solutions to (1.1). Mustafa [17] proved that smooth so-
lutions have infinite speed of propagation. Blow-up phenomena have been investigated
for example in [24]. Regarding the Cauchy problem and the initial-boundary value prob-
lem for the Degasperis—Procesi equation (1.1), Escher, Liu and Yin have studied its
well-posedness within certain functional classes in a series of papers [12,22,23].
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