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The aim of this paper is to study the normal forms of 
nonautonomous differential systems. For doing so, we first 
investigate the nonuniform dichotomy spectrum of the linear 
evolution operators that admit a nonuniform exponential 
dichotomy, where the linear evolution operators are defined by 
nonautonomous differential equations ẋ = A(t)x in Rn. Using 
the nonuniform dichotomy spectrum we obtain the normal 
forms of the nonautonomous linear differential equations. 
Finally we establish the finite jet normal forms of the 
nonlinear differential systems ẋ = A(t)x + f(t, x) in Rn, 
which is based on the nonuniform dichotomy spectrum and 
the normal forms of the nonautonomous linear systems.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction and statement of the main results

The normal form theory in dynamical systems is to simplify ordinary differen-
tial equations through the change of variables. This theory can be traced back to 
Poincaré [21]. Some classical results in this direction for autonomous differential systems 
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are the Poincaré–Dulac normal form theorem [22], Siegel’s theorem [23], Hartman–
Grobman’s theorem [11,12], Sternberg’s theorem [27,28], Chen’s theorem [7], Takens’
theorem [31] and so on. See also [6,8,13,14,33] and the recent survey paper [29] and 
the references therein. For nonautonomous systems, Barreira and Valls had established 
several results on the topological conjugacy between nonuniformly hyperbolic dynamical 
systems (see e.g. [2–5]). Using the resonance of the dichotomy spectrum to study the 
normal forms of nonautonomous system, Siegmund [26] obtained a finite order normal 
form, and Wu and Li [32] got analytic normal forms of a class of analytic nonautonomous 
differential systems. As our knowledge, these last two papers are the only ones in which 
the normal forms of nonautonomous systems via the dichotomy spectrums were studied. 
Recently Li, Llibre and Wu [15] and [16] also had studied the normal forms of almost 
periodic differential and difference equations, respectively. For random differential sys-
tems there also appeared some results on normal forms [18–20], in which they extended 
Poincaré’s, Sternberg’s and Siegel’s normal form theorems for autonomous differential 
systems to random dynamical systems.

As well-known, the normal form theory has played important roles in the study of 
bifurcation and some related topics of dynamical systems. Recently this theory has been 
successfully applied to study the embedding flow problem of diffeomorphisms, see for 
instance [17,34–36].

In this paper we will study the normal forms of nonautonomous differential systems 
with their linear parts admitting a nonuniform exponential dichotomy. For this aim we 
first consider the nonautonomous linear differential systems in Rn

ẋ = A(t)x, (1.1)

with A(t) ∈ Mn(R) the set of square matrix functions of nth order defined in R, we 
assume in this paper that each solution of system (1.1) is defined on the whole R. 
Denote by Φ(t, s) the evolution operator associated to system (1.1). Then we have

x(t) = Φ(t, s)x(s), Φ(t, s)Φ(s, τ) = Φ(t, τ) for all t, s, τ ∈ R,

where x(t) is a solution of system (1.1).
We say that system (1.1) admits a nonuniform exponential dichotomy if there exists an 

invariant projection P (t) ∈ Mn(R) (where invariant means that P (t)Φ(t, s) = Φ(t, s)P (s)
for all t, s ∈ R), and K ≥ 1, α < 0 < β and μ, ν ≥ 0 with α + μ < 0, β − ν > 0 and 
max{μ, ν} ≤ min{−α, β} such that

∥∥Φ(t, s)P (s)
∥∥ ≤ Keα(t−s)+μ|s| for t ≥ s,∥∥Φ(t, s)

(
I − P (s)

)∥∥ ≤ Keβ(t−s)+ν|s| for t ≤ s.
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