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1. Introduction and main results

The Cauchy problem for the quadratic fractional heat equation reads

u + (—A)%u = Fu?, (1.1)
u(0, ) = g, (1.2)

where u = u(t,z) € R, a €]0,1], t € (0,T7), T > 0, z € R or T and (—A)* is the
Fourier multiplier by |£]2*. In this paper, we consider actually the corresponding integral
equation which is given by

u(t) = So(t)uo F /Sa (t — o) (u*(0))do, (1.3)

where S, (t) is the linear fractional heat semi-group and are interested in local well-
posedness and ill-posedness results in the Besov spaces By'?(K) with s € R, ¢ € [1,00]
and K =Ror T.

Let us recall that the Cauchy problem associated with the nonlinear heat equation
in R"

— Au=Fu*, (1.4)

where k is a positive integer, has been studied in many papers (see for instance [2-6,
8,10-13,15-18] and references therein). It is well-known that this equation is invariant
by the space—time dilation Symmetry u(t x) = up(t,z) = )\%u()\2t7)\x) and that
the homogeneous Sobolev space H 2 57FST is invariant by the associated space dilation
symmetry () — AF-T 1@()\33). The Cauchy problem (1.4) is known to be well-posed
in H® for s > s, = % — % except in the case (n,k) = (1,2). Indeed, in this case
the well-posedness is only known in H® for s > —1 and in [8] it is proven that the
flow-map cannot be of class C? below H~'. Hence, this result is close to be optimal
if one requires the smoothness of the flow-map. Recently, it was proven in [7] that the
associated solution-map: ug — u cannot be even continuous in H?® for s < —1. The first
aim of this work is to push down the well-posedness result to the end point H~'. The
second step is to extend these type of results for the one-dimensional quadratic fractional
heat equation (1.1). Indeed we will derive optimal results for the Cauchy problem (1.1)
in the scale of the Besov spaces By'? in the case % < a < 1. In particular we will prove
that the lowest reachable Sobolev index is —a that is strictly bigger than the critical
Sobolev index for dilation symmetry that is 1/2 — 2a.

To reach the end-point index H~% we do not follow the classical method for parabolic
equations (cf. [3,10,18]) that does not seem to be applicable here. We rather rely on
an approach that was first introduced by Tataru [14] in the context of wave maps. Note
that we mainly follow [9] where this method has been adapted for dispersive-dissipative
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