
Journal of Functional Analysis 269 (2015) 2427–2504

Contents lists available at ScienceDirect

Journal of Functional Analysis

www.elsevier.com/locate/jfa

Ergodic and mixing properties of the Boussinesq 

equations with a degenerate random forcing

Juraj Földes a,∗, Nathan Glatt-Holtz b,∗, Geordie Richards c, 
Enrique Thomann d

a Department of Mathematics, Université Libre de Bruxelles, Brussels 1050, 
Belgium
b Department of Mathematics, Virginia Polytechnic Institute and State University, 
Blacksburg, VA 24061, United States
c Department of Mathematics, University of Rochester, Rochester, NY 14627, 
United States
d Department of Mathematics, Oregon State University, Corvallis, OR 97331, 
United States

a r t i c l e i n f o a b s t r a c t

Article history:
Received 24 November 2013
Accepted 28 May 2015
Available online 13 August 2015
Communicated by M. Hairer

Keywords:
Ergodicity
Degenerate stochastic forcing
Hypoellipticity
Boussinesq equations

We establish the existence, uniqueness and attraction proper-
ties of an ergodic invariant measure for the Boussinesq equa-
tions in the presence of a degenerate stochastic forcing acting 
only in the temperature equation and only at the largest spa-
tial scales. The central challenge is to establish time asymp-
totic smoothing properties of the Markovian dynamics corre-
sponding to this system. Towards this aim we encounter a Lie 
bracket structure in the associated vector fields with a com-
plicated dependence on solutions. This leads us to develop a 
novel Hörmander-type condition for infinite-dimensional sys-
tems. Demonstrating the sufficiency of this condition requires 
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new techniques for the spectral analysis of the Malliavin co-
variance matrix.

© 2015 Elsevier Inc. All rights reserved.
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1. Introduction

In this work we analyze the stochastically forced Boussinesq equations for the veloc-
ity field u = (u1, u2), (density-normalized) pressure p, and temperature θ of a viscous 
incompressible fluid. These equations take the form

du + (u · ∇u)dt = (−∇p + ν1Δu + gθ)dt, ∇ · u = 0, (1.1)

dθ + (u · ∇θ)dt = ν2Δθdt + σθdW, (1.2)

where the parameters ν1, ν2 > 0 are respectively the kinematic viscosity and thermal 
diffusivity of the fluid and g = (0, g)T with g �= 0 is the product of the gravitational 
constant and the thermal expansion coefficient. The spatial variable x = (x1, x2) belongs 
to a two-dimensional torus T2. That is, we impose periodic boundary conditions in space. 
We consider a degenerate stochastic forcing σθdW , which acts only on a few Fourier 
modes and exclusively through the temperature equation.

We prove that there exists a unique statistically invariant state of the system
(1.1)–(1.2). More precisely, we establish:

Theorem 1.1. With white noise acting only on the two largest standard modes of the 
temperature equation (1.2),

σθdW = α1 cosx1dW
1 + α2 sin x1dW

2 + α3 cosx2dW
3 + α4 sin x2dW

4,

the Markov semigroup corresponding to (1.1)–(1.2) possesses a unique ergodic invariant 
measure. Moreover this measure is mixing, and it obeys a law of large numbers and a 
central limit theorem.
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