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We consider scalar balance laws with a dissipative source 
term. The flux function may be discontinuous with respect 
to both the space variable x and the unknown quantity u. 
We formulate the definition of entropy weak solutions and 
provide existence and uniqueness to the considered problem. 
The problem is formulated in the framework of multi-valued 
mappings. The notion of entropy measure-valued solutions 
is used to prove the so-called contraction principle and 
comparison principle.
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1. Introduction

Our interest is directed to the following Cauchy problem describing the evolution of 
u : R+ × R

N → R

ut + divΦ(x, u) � f(t, x, u) on R+ × R
N , (1.1)

u(0, ·) = u0 on R
N . (1.2)

where Φ : RN ×R → 2RN is a multi-valued mapping and f : R+×R
N×R → R is a source 

term. Moreover u0 : RN → R is a given initial condition in L∞(RN ). The assumptions 
for Φ and f will be presented below. The formulation of the problem in the language of 
multi-valued flux function allows to capture relations which are not necessarily functions.

We will assume that the flux function is in the form of a composition, which allows, 
with an appropriate change of variables, to formulate the definition of entropy weak 
solutions in terms of the new variables. An important property of solutions defined this 
way is that in case of smooth fluxes they correspond to the classical definition of entropy 
weak solutions, see e.g. Kružkov [25]. We assume about Φ and f that:

(H1) Φ(x, u) is a multi-valued mapping given by the formula Φ(x, u) = A(β(x, u)) where 
A : R → R

N , A is continuous and β : RN × R → 2R \ ∅ is a multi-valued mapping 
such that, for almost every x ∈ R

N , β(x, ·) : R → 2R \ ∅ is a maximal monotone 
operator with 0 ∈ β(x, 0). We assume that the inverse to β (w.r.t. u), which we 
call α, is continuous. Moreover, we assume that β∗(·, l) is measurable for each l ∈ R, 
where β∗ denotes the minimal selection of the graph of β,

(H2) there exist continuous functions h1 and h2 with lim|u|→∞ h1(u) = ∞ such that

h1(u) ≤ |β| ≤ h2(u) (1.3)

for all β ∈ β(x, u), almost every x ∈ R
N and all u ∈ R,

(H3) there exist 1 ≤ p ≤ N
N−1 and constants R∞ > 0 and C∞ > 0 such that for all 

|x| > R∞

∣∣A(s)
∣∣p ≤ C∞

∣∣α(x, s)
∣∣,

(H4) f(·,·, u) ∈ L1
loc(R+ ×R

N ) for all u ∈ R; f(t, x, ·) is continuous and f(t, x, 0) = 0 for 
a.a. (t, x) ∈ R+ × R

N . Moreover f is dissipative (−f is monotone w.r.t. the last 
variable), i.e.,

(
f(t, x, u) − f(t, x, v)

)
(u− v) ≤ 0

for all u, v ∈ R and a.a. (t, x) ∈ R+ × R
N . (1.4)
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