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We study the completion problem to an invertible operator-
valued function for the class of bounded holomorphic functions
on the unit disk D ⊂ S with relatively compact images
in the space of bounded linear operators between complex
Banach spaces. In particular, we prove that in this class
of functions the operator-valued corona problem and the
completion problem are not equivalent, and establish an
Oka-type principle asserting that the completion problem
is solvable if and only if it is solvable in the class of
continuous operator-valued functions on D with relatively
compact images.
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1. Introduction

1.1. Corona problem

Let H∞ be the Banach space of bounded holomorphic functions on the unit disk
D ⊂ C equipped with the supremum norm and H∞(L(X,Y )) be the Banach space of
holomorphic functions F on D with values in the space of bounded linear operators
X → Y between complex Banach spaces X, Y with norm ‖F‖ := supz∈D ‖F (z)‖L(X,Y ).
By IX we denote the identity operator X → X.
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The following problem was posed by Sz.-Nagy [20] in 1978:

Operator Corona Problem. Suppose F ∈ H∞(L(H1, H2)), where H1, H2 are separable
Hilbert spaces, satisfies ‖F (z)x‖ � δ‖x‖ for all x ∈ H1, z ∈ D, where δ > 0 is a constant.
Does there exist G ∈ H∞(L(H2, H1)) such that G(z)F (z) = IH1 for all z ∈ D?

This problem is of importance in operator theory (angles between invariant subspaces,
unconditionally convergent spectral decompositions) and in control theory (the stabiliza-
tion problem). It is also related to the study of submodules of H∞ and to many other
subjects of analysis, see [16,15,21,22,27] and references therein. Obviously, the condi-
tion imposed on F is necessary since it implies existence of a uniformly bounded family
of left inverses of F (z), z ∈ D. The question is whether this condition is sufficient
for the existence of a bounded holomorphic left inverse of F . In general, the answer
is known to be negative (see [21,23,25] and references therein). But in some specific
cases it is positive. In particular, the famous Carleson corona theorem [5] stating that
for {fi}ni=1 ⊂ H∞ the Bezout equation

∑n
i=1 gifi = 1 is solvable with {gi}ni=1 ⊂ H∞

as soon as max1�i�n |fi(z)| > δ > 0 for every z ∈ D means that the answer is pos-
itive when dimH1 = 1, dimH2 = n < ∞. More generally, the answer is positive
as soon as dimH1 < ∞ or F is a “small” perturbation of a left invertible function
F0 ∈ H∞(L(H1, H2)) (for example, if F − F0 belongs to H∞(L(H1, H2)) with values in
the class of Hilbert Schmidt operators), see [24] and references therein.

For a long time there were no positive results in the case dimH1 = ∞. The first
positive results were obtained in [28] where the following more general problem was
studied.

Problem 1. Let X1, X2 be complex Banach spaces and F ∈ H∞(L(X1, X2)) be such that
for each z ∈ D there exists a left inverse Gz of F (z) satisfying supz∈D ‖Gz‖ < ∞. Does
there exist G ∈ H∞(L(X2, X1)) such that G(z)F (z) = IX1 for all z ∈ D?

Since in this general setting the answer is negative, it was suggested in [28] to in-
vestigate the problem for the case of F ∈ H∞

comp(L(X1, X2)), the space of holomorphic
functions on D with relatively compact images in L(X1, X2).1 In particular, it was shown,
see [28, Th. 2.1], that the answer is positive for F that can be uniformly approximated
by finite sums

∑
fk(z)Lk, where fk ∈ H∞ and Lk ∈ L(X1, X2). The question of whether

each F ∈ H∞
comp(L(X1, X2)) can be obtained in that form is closely related to the still

open problem about the Grothendieck approximation property for H∞. (The strongest
result in this direction [2, Th. 9] states that H∞ has the approximation property “up to
logarithm”.) Another, not involving the approximation property for H∞, approach that
led to the solution of Problem 1 for H∞

comp spaces was proposed in [4].

1 The notation H∞
comp had been introduced in [28].



Download	English	Version:

https://daneshyari.com/en/article/4590130

Download	Persian	Version:

https://daneshyari.com/article/4590130

Daneshyari.com

https://daneshyari.com/en/article/4590130
https://daneshyari.com/article/4590130
https://daneshyari.com/

