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Abstract

We study the existence of solutions to the fractional elliptic equation (E1) (−�)αu + εg(|∇u|) = ν in an
open bounded regular domain Ω of RN(N � 2), subject to the condition (E2) u = 0 in Ωc, where ε = 1
or −1, (−�)α denotes the fractional Laplacian with α ∈ (1/2,1), ν is a Radon measure and g : R+ �→ R+
is a continuous function. We prove the existence of weak solutions for problem (E1)–(E2) when g is sub-
critical. Furthermore, the asymptotic behavior and uniqueness of solutions are described when ε = 1, ν is
Dirac mass and g(s) = sp with p ∈ (0, N

N−2α+1 ).
© 2013 Elsevier Inc. All rights reserved.
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1. Introduction

Let Ω ⊂ R
N (N � 2) be an open bounded C2 domain and g : R+ �→ R+ be a continuous

function. The purpose of this paper is to study the existence of weak solutions to the semilinear
fractional elliptic problem with α ∈ (1/2,1),

(−�)αu + εg
(|∇u|) = ν in Ω,

u = 0 in Ωc, (1.1)

where ε = 1 or −1 and ν ∈ M(Ω,ρβ) with β ∈ [0,2α − 1). Here ρ(x) = dist(x,Ωc) and
M(Ω,ρβ) is the space of Radon measures in Ω satisfying

∫
Ω

ρβd|ν| < +∞. (1.2)

In particular, we denote Mb(Ω) = M(Ω,ρ0). The associated positive cones are respectively
M+(Ω,ρβ) and Mb+(Ω). According to the value of ε, we speak of an absorbing nonlinearity in
the case ε = 1 and a source nonlinearity in the case ε = −1. The operator (−�)α is the fractional
Laplacian defined as

(−�)αu(x) = lim
ε→0+(−�)αε u(x),

where for ε > 0,

(−�)αε u(x) = −
∫
RN

u(z) − u(x)

|z − x|N+2α
χε

(|x − z|)dz (1.3)

and

χε(t) =
{

0, if t ∈ [0, ε],
1, if t > ε.

In a pioneering work, Brezis [7] (also see Bénilan and Brezis [1]) studied the existence and
uniqueness of the solution to the semilinear Dirichlet elliptic problem

−�u + h(u) = ν in Ω,

u = 0 on ∂Ω, (1.4)
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