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Let H be a Hilbert space of analytic functions with multiplier 
algebra M(H), and let

M =
{
(f, T1f, . . . , Tn−1f) : f ∈ D

}
be an invariant graph subspace for M(H)(n). Here n ≥ 2, D ⊆
H is a vector-subspace, Ti : D → H are linear transformations 
that commute with each multiplication operator Mϕ ∈ M(H), 
and M is closed in H(n). In this paper we investigate 
the existence of non-trivial common invariant subspaces of 
operator algebras of the type

AM =
{
A ∈ B(H) : AD ⊆ D : ATif = TiAf ∀f ∈ D

}
.

In particular, for the Bergman space L2
a we exhibit examples 

of invariant graph subspaces of fiber dimension 2 such that 
AM does not have any nontrivial invariant subspaces that 
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are defined by linear relations of the graph transformations 
for M.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Let d ≥ 1, Ω ⊆ Cd be an open, connected, and nonempty set, and let H ⊆ Hol(Ω) be 
a reproducing kernel Hilbert space. If ϕ ∈ Hol(Ω) such that ϕf ∈ H for all f ∈ H, then 
ϕ is called a multiplier and Mϕf = ϕf defines a bounded linear operator on H. We use 
M(H) to denote the multiplier algebra of H, M(H) = {Mϕ ∈ B(H) : ϕ is a multiplier}.

A subalgebra A ⊆ B(H) is called a transitive algebra if it contains the identity oper-
ator and if it has no nontrivial common invariant subspaces. It is a longstanding open 
question (due to Kadison), called the transitive algebra problem, to decide whether every 
transitive algebra is dense in B(H) in the strong operator topology. If that were the case, 
then, as is well-known, it would easily follow that every T ∈ B(H) which is not a scalar 
multiple of the identity has a nontrivial hyperinvariant subspace (see e.g. [24]). Recall 
that a subspace M is called hyperinvariant for an operator A, if it is invariant for every 
bounded operator that commutes with A.

Arveson was the first to systematically study the transitive algebra problem. We say 
that an operator A (respectively an algebra A) has the transitive algebra property, if 
every transitive algebra that contains A (respectively A) is strongly dense in B(H). 
Arveson showed that any maximal abelian self-adjoint subalgebra and the unilateral 
shift have the transitive algebra property. We refer the reader to [24] for further early 
results on the transitive algebra problem.

Arveson’s approach requires a detailed knowledge of the invariant subspace structure 
of the operator or the algebra that is to be shown to have the transitive algebra property. 
Thus based on information about the invariant subspaces of the Dirichlet space Richter 
was able to use Arveson’s approach to establish that the Dirichlet shift has the transi-
tive algebra property, [26]. Then more generally Chong, Guo and Wang, [11], followed 
a similar strategy to show among other things that M(H) has the transitive algebra 
property, whenever H has a complete Nevanlinna–Pick kernel, i.e. if the reproducing 
kernel kλ(z) for H is of the form kλ(z) = f(λ)f(z)

1−uλ(z) , where f is an analytic function and 
uλ(z) is positive definite and sesquianalytic. This result covers both the unilateral shift 
and the Dirichlet shift, and without going into further detail we should say that the 
Chong–Guo–Wang result also covers higher finite multiplicities as well as restrictions to 
invariant subspaces.

The current paper was motivated by the desire to decide which other multiplier al-
gebras have the transitive algebra property. Although we did not obtain any specific 
answers, our investigations lead us to consider some interesting questions related to the 
invariant subspace structure of M(H). For additional recent work on questions about 
transitive algebras we refer the reader to [9].
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