
Journal of Functional Analysis 268 (2015) 974–1031

Contents lists available at ScienceDirect

Journal of Functional Analysis

www.elsevier.com/locate/jfa

The Higson–Roe exact sequence and �2 eta 

invariants

Moulay-Tahar Benameur a,∗, Indrava Roy b

a I3M, UMR 5149 du CNRS, Montpellier, France
b Sapienza Universita di Roma, Italy

a r t i c l e i n f o a b s t r a c t

Article history:
Received 11 October 2014
Accepted 13 November 2014
Available online 2 December 2014
Communicated by S. Vaes

Keywords:
Operator algebra
Baum–Connes conjecture
�2 eta invariant

The goal of this paper is to solve the problem of existence of an 
�2 relative eta morphism on the Higson–Roe structure group. 
Using the Cheeger–Gromov �2 eta invariant, we construct 
a group morphism from the Higson–Roe maximal structure 
group constructed in [35] to the reals. When we apply this 
morphism to the structure class associated with the spin 
Dirac operator for a metric of positive scalar curvature, we 
get the spin �2 rho invariant. When we apply this morphism 
to the structure class associated with an oriented homotopy 
equivalence, we get the difference of the �2 rho invariants of the 
corresponding signature operators. We thus get new proofs for 
the classical �2 rigidity theorems of Keswani obtained in [41].
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1. Introduction

The eta invariant of elliptic operators first appeared in [3] as a boundary correction 
term appearing in the calculation of the index of a Fredholm operator associated with a 
global boundary value problem on even dimensional manifolds with boundary. The eta 
invariant η(D) is a measure of asymmetry of the spectrum of the operator D and turns 
out to be well-defined for any elliptic self-adjoint differential operators D on a closed 
odd dimensional manifold M . This is a sensitive invariant, but there is a relative version 
which is more stable and often has interesting topological properties. More precisely, 
given two group morphisms σ1, σ2 : π1(M) → U(N) and the associated flat bundles 
Eσi

, we may form the twisted elliptic differential operators D⊗Eσi
and the relative eta 

invariant is by definition [4,5]

ρσ1,σ2(D) := η(D ⊗ Eσ1) − η(D ⊗Eσ2).

If D is for instance the signature operator on M then it was proved by Atiyah, Patodi 
and Singer that ρσ1,σ2(D) is a differential invariant of M . This property had important 
consequences, as when π1(M) has torsion this invariant is not a homotopy invariant, 
see for instance [20,21,45,49,57]. Notice that the relative index is zero thanks to the 
Atiyah–Singer index formula and the relative eta invariant can thus be seen as a refined 
secondary invariant, in fact some transgression of the index [23,44]. In general, when 
reduced modulo Z, this invariant becomes more computable and inherits topological 
properties, there is indeed a topological index formula in R/Z which expresses it in 
terms of characteristic classes [5].

In [22], Cheeger and Gromov extended the APS eta invariant and introduced an �2

version of the eta invariant exactly as Atiyah introduced an �2 version of the index. 
More precisely, given a Galois Γ -covering M̃ → M and a Γ -invariant generalized Dirac 
operator D̃ over M̃ , the Cheeger–Gromov eta invariant is defined by the absolutely 
convergent integral [22]:
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