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We generalize the Poincaré limit which asserts that the
n-dimensional Gaussian measure is approximated by the pro-
jections of the uniform probability measure on the Euclidean
sphere of appropriate radius to the first n-coordinates as the
dimension diverges to infinity. The generalization is done by
replacing the projections with certain maps. Using this gen-
eralization, we derive a Gaussian isoperimetric inequality for
an absolutely continuous probability measure on Euclidean
spaces with respect to the Lebesgue measure, whose density
is a radial function.
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1. Introduction

The isoperimetric profile of a Borel probability measure μ on R
n describes a relation

between the volume μ[A] and the boundary measure μ+[A] := limε↓0(μ[Aε] − μ[A])/ε of
A ⊂ R

n, where Aε := {x ∈ R
n | infa∈A |x − a| < ε} denotes the ε-neighborhood of A

with respect to the standard Euclidean norm | · |. Throughout this note, any subset of
R

n is assumed to be Borel. Precisely, the isoperimetric profile I[μ] of μ is a function on
[0, 1] defined by

I[μ](a) := inf
{
μ+[A]

∣∣ A ⊂ R
n with μ[A] = a

}
.
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Let An denote the boundary measure of the unit ball in R
n with respect to the

Lebesgue measure. For a measurable, nonnegative function f on (0,∞) satisfying

Mf
n := An

∞∫
0

f(r)rn−1 dr < ∞,

define the n-dimensional radial probability measure μf
n with density f as the absolutely

continuous probability measure on R
n with density

dμf
n

dx
(x) = 1

Mf
n

f
(
|x|

)

with respect to the Lebesgue measure. For example, the n-dimensional Gaussian measure
γn is the radial probability measure with density g(r) := exp(−r2/2), and its isoperi-
metric profile was provided by Borell [3] and Sudakov and Tsirel’son [6] independently
of the form

I[γn](a) = I[γ1](a) = G′(G−1(a)
)
, G(r) :=

r∫
−∞

(2π)−1/2g(s) ds = γ1
[
(−∞, r]

]
,

where the infimum in the definition of I[γn](a) is attained by the hyperplane of the form

Ha :=
{
x ∈ R

n
∣∣ x1 < G−1(a)

}
.

The proof relies on the approximation procedure, so-called Poincaré limit: let SN be
the (N − 1)-dimensional Euclidean sphere of radius N1/2 and vN be the uniform prob-
ability measure on SN . We consider the orthogonal projection from R

N to the first
n-coordinates, and denote by Pn,N the restriction of it on SN . Then γn is obtained as
the weak limit of Pn,N�vN as N → ∞, where Pn,N�vN denotes the push-forward measure
of vN by Pn,N , namely Pn,N�vN [A] = vN [(Pn,N )−1(A)] for any A ⊂ R

n.
The aim of this note is to derive a Gaussian isoperimetric inequality for μf

n, that is,
estimate I[μf

n] below by I[γ1]. To do this, let us generalize the Poincaré limit by replacing
Pn,N with P ρ

n,N := sρn ◦ Pn,N , where sρn is the map on R
n defined as

sρn(x) :=
{
ρ(|x|)x if x �= 0,
0 if x = 0

for a function ρ on (0,∞) satisfying the following condition.

(C) ρ is C1, positive in (0,∞) and sρ1 is strictly increasing.

Theorem 1.1. For a function ρ satisfying (C), let σ be the inverse function of sρ1. For
any x ∈ R

n \ {0}, {fρ
n,N (x) := d(P ρ

n,N�vN )(x)/dx}N∈N converges to
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