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Abstract

In 1994, M.M. Popov [6] showed that the fundamental theorem of calculus fails, in general, for functions
mapping from a compact interval of the real line into the £),-spaces for 0 < p < 1, and the question arose
whether such a significant result might hold in some other non-Banach spaces. In this article we completely
settle the problem by proving that the fundamental theorem of calculus breaks down in the context of any
non-locally convex quasi-Banach space. Our approach introduces the tool of Riemann-integral averages of
continuous functions, and uses it to bring out to light the differences in behavior of their approximates in
the lack of local convexity. As a by-product of our work we solve a problem raised in [1] on the different
types of spaces of differentiable functions with values on a quasi-Banach space.
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1. Introduction and background

Continuous maps from a compact interval of the real line into a Banach space X are Riemann-
integrable. For each f : [a, b] — X, the optimal behavior of the averages
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in approximating f locally in norm is substantiated by the fact that, thanks to the convexity of
the space, for every point ¢ € [a, b] we have
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In other words, the formula

%f;f(“)du, ifa<s<t<b,
F(s, 1) = Avelf](s,1) = | f(o), ifa<s=t=c<b, (1.1)
ﬁf;f(“)du, ifa<t<s<b,

defines a jointly continuous function from [a, b] x [a, b] into X. In particular, Ave[ f] is bounded,
ie.,

sup ||Ave[f](s,t)|| < 00,
a<s,t<b

and separately continuous, i.e., for fixed sog and t in [a, b] we have
lim Ave[ f](s, 70) = tlthl Ave[ f1(so, 1) = Ave[ f1(so0, 10)-
S§—>50 —10

The study of averages of continuous functions mapping into quasi-Banach spaces faces ob-
structions from the very beginning. Indeed, if X is non-locally convex, by an old result of Mazur
and Orlicz [5] there exist continuous X -valued functions failing to be Riemann-integrable. Thus,
to extend the problem we suppose that f : [a, b] — X is continuous and integrable, and wonder
whether, with this extra assumption, the average function defined in (1.1) will retain the optimal-
ity it enjoys for Banach spaces. The answer to this question is negative, as the authors showed
in[1].
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