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For the almost Mathieu operator (Hx q,ou)(n) = u(n + 1) +
u(n — 1) 4+ 2Acos27(0 + na)u(n), Avila and Jitomirskaya
conjecture that for every phase § € Z 2 {0 € R | 20+aZ € Z},
Hy.a0 satisfies Anderson localization if |\ > €28. In the
present paper, we verify the conjecture for |A\| > 2.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

The almost Mathieu operator (AMO) is the quasi-periodic Schrodinger operator on

2(Z):

(Hxa0u)(n) =u(n+1)+u(n—

1) + M(0 + na)u(n), with v(0) =2cos276, (1.1)

where A is the coupling, « is the frequency, and 6 is the phase.

AMO is the most studied quasi-periodic Schrodinger operator, arising naturally as a

physical model (see [9] for a recent historical account and the physics background).

* Supported by NSFC11271076 and NSFC11121101.

* Corresponding author.

E-mail addresses: liuwencail226@gmail.com (W. Liu), xpyuan@fudan.edu.cn (X. Yuan).

http://dx.doi.org/10.1016/j.jfa.2014.10.024

0022-1236/© 2014 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jfa.2014.10.024
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jfa
mailto:liuwencai1226@gmail.com
mailto:xpyuan@fudan.edu.cn
http://dx.doi.org/10.1016/j.jfa.2014.10.024
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jfa.2014.10.024&domain=pdf

W. Liu, X. Yuan / Journal of Functional Analysis 268 (2015) 732-747 733

We say a phase 6 € R is completely resonant with respect to frequency o, if § € Z =
{0 eR |20+ aZcZ}.

Anderson localization (i.e., only pure point spectrum with exponentially decaying
eigenfunctions) is not only meaningful in physics, but also related to reducibility for
Aubry dual model (see [6]). For example, Puig [12,13] shows that Anderson localization
for completely resonant phases will lead to reducibility to the parabolic cocycles, which
may become uniform hyperbolic cocycles under small perturbation of energies. Further-
more, Anderson localization for completely resonant phases is crucial in describing open
gaps of Xy o (the spectrum of Hj ¢ is independent of 6 for o € R\Q, denoted by X ).
See [2,11] for details.

It is well known that Hy , ¢ has purely absolutely continuous spectrum for o € Q and
all X. This implies Hj 4,6 can not satisfy Anderson localization for all o € Q. Thus we
always assume « € R\Q in the present paper.

The following notions are useful in the study of Eq. (1.1).

We say a € R\Q satisfies Diophantine condition DC(k, 7) with k > 0 and 7 > 0, if

|kallr/z > k|k|™"  for any k € Z\ {0},

where ||z|lg/z = mingez [z — £|. Let DC = {J,5¢ ,~0DC(k, 7). We say « satisfies Dio-
phantine condition, if & € DC.
Let

B8 = B(a) := limsup hlq—nﬂ, (1.2)
n—soo dn

where % is the continued fraction approximants to «. Notice that S(a) = 0 for a € DC.
Avila and Jitomirskaya conjecture that for any completely resonant phase 6, Hj ¢
satisfies Anderson localization if |A| > e? [1, Remark 9.1]. Jitomirskaya, Koslover and
Schulteis [8] prove this for @ € DC via a simple modification of the proof in [7]. More
concretely, for « € DC, H) o9 satisfies Anderson localization if § € #Z and || > 1.
In [2], Avila and Jitomirskaya develop a quantitative version of Aubry duality. Then,
they obtain that for a with S(a) = 0, H) 4,9 satisfies Anderson localization if § € Z
and |A| > 1. The present authors extend the quantitative version of Aubry duality to all
a with B(a) < oo, and show that for all a with () < oo, Hy ¢ satisfies Anderson
localization if § € % and |\| > €¢“#, where C is a large absolute constant [11]. In the
present paper, we give a definite quantitative description about the constant C, and

obtain the following theorem.

Theorem 1.1. For a € R\Q with f(a) < 00, the almost Mathieu operator Hy o ¢ satisfies
Anderson localization if 0 € Z and |\ > €™, where # £ {0 € R | 20 + oZ € Z}.

Remark 1.1. Avila and Jitomirskaya think that Hj 0 does not display Anderson local-
ization if |\| < e€2# [1, Remark 5.2]. This is still open. Clearly, 0 € Z.
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