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Extending Li and Poon’s results on interpolation problems
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a completely positive linear map ®c, between compact (or
Schatten-p class) operators sending a particular operator A
to another B. It is shown that such a map exists if a
multiple of the numerical range of A contains the numerical
range of B. Given two commutative families of compact
(or Schatten-p class) operators {A.} and {Ba.}, we provide
sufficient and necessary conditions to ensure that we can
choose a completely positive interpolation ., to preserve
trace and/or approximate units such that ®c,(As) = Bq for
all a.
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1. Introduction

Interpolation problems arise in many branches of study. Lagrange polynomial inter-
polation and Nevanlinna—Pick interpolation are two examples. In quantum information
theory, people use compact positive operators with trace one to represent quantum states
and trace-preserving completely positive linear maps to represent quantum channels (see
[5,11,15]). One would like to ask the interpolation problem that whether there exists
a quantum channel sending a particular input quantum state to a particular output
quantum state. The corresponding problem for matrix algebras was considered by Li in
[10,12]. In this paper, we relate the interpolation problem for compact normal operators
to dilation theory and numerical ranges.

Given two operators A and B we try to answer the question of whether there exists
a completely positive linear map ¢ such that ¢(A) = B. Let A be an n X n matrix and
B an operator in B(H), where H is a separable Hilbert space which can be of finite or
infinite dimension. Choi and Li [8] (see also [2-4]) show that there is a unital completely
positive linear map ¥, : M,, — B(H) such that

Vep(A) = B, (1.1)

if and only if there are a separable Hilbert space K and an isometry V : H — K such
that

B=V*(I®AV. (1.2)

In this case, we set Yo, (T) = V*(I @ T)V. When

A:<0 2)7
0 0

one can deduce from Ando [1] (see also [7]) that (1.2) holds exactly when their numerical
ranges satisfy

W(B) C W(A). (1.3)
Here the numerical range W(A) of an operator A in B(H) is defined by
W(A) = {(Az,2) : [|=]| = 1}.

When
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