Available online at www.sciencedirect.com

. ; " JOURNAL OF
ScienceDirect Functional

Analysis

ELSEVIER Journal of Functional Analysis 265 (2013) 3009-3052

www.elsevier.com/locate/jfa

Globally well and ill posedness for non-elliptic
derivative Schrodinger equations with small rough data

Baoxiang Wang

LMAM, School of Mathematical Sciences, Peking University and BICMR, Beijing 100871, China
Received 6 July 2011; accepted 5 August 2013
Available online 2 September 2013

Communicated by I. Rodnianski

Abstract

We show that there exists 5. > 0 such that the cubic (quartic) non-elliptic derivative Schrodinger equa-
tions with small data in modulation spaces ME’I(R”) for n > 3 (n = 2) are globally well-posed if s > s¢,
and ill-posed if s < s¢. In 2D cubic case, using the Gabor frame, we get some time-global dispersive esti-
mates for the Schrodinger semi-group in anisotropic Lebesgue spaces, which include a time-global maximal
function estimate in the space L)zc1 L%”,. By resorting to the smooth effect estimate together with the dis-
persive estimates in anisotropic Lebesgue spaces, we show that the cubic hyperbolic derivative NLS in 2D
has a unique global solution if the initial data in Feichtinger—Segal algebra or in weighted Sobolev spaces
are sufficiently small.
© 2013 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we consider the Cauchy problem for the derivative nonlinear Schrodinger equa-
tion (DNLS):

iy — Aqru=F(u,u,Vu, Vi), u(0,x)=up(x), (1.1)
where Ay =£107 + -+ 8,08, &, {1, =1} fori=1,....n, Vu=(uy, ..., ux,),
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F(z)=F(z1,...,20042) = Z cpzf, m=2, cpeC (1.2)
m+1<|B|<oo

and |cg| < C'8! for B=(B1,...,Pwm+2). A special case of (1.1) is the following
g — Agu = V(ul®u) + plu®u,  u0,x)=uox), (1.3)

LeCn, u € C and «, v € N. It is known that (1.3) (k = 1) arises from the strongly interacting
many-body systems near criticality as recently described in terms of nonlinear dynamics [6,10,
34], where anisotropic interactions are manifested by the presence of the non-elliptic case, as
well as additional residual terms which involve cross derivatives of the independent variables.
Another typical example is the Schrédinger map equation

2u
1+ |ul?

ity + Asu = (10, + - ey ), u(0,x) =uo(x), (1.4)

which is an equivalent form of the non-elliptic Schrédinger map

s; =85 X Ags, 5(0,x) =s09(x). (1.5)

where s = (51, 52,53), s : R x R" — S? is a real valued map of (¢, x1,...,x,). Indeed, if u
satisfies (1.4), taking

_( 2Reu  2Imu 1 —|ul?
O\ w2 A w4 w2 )’

we see that s is the solution of (1.5). Conversely, taking u as the stereographic projection of s
defined by

S1+isp
U= —-,
1+s3

we see that (1.5) reduces to (1.4). A large amount of work has been devoted to the study of the
elliptic Schrodinger map initial value problem (At = A) together with their generalizations [1,
9,24,29,40,39,41].

If the initial data have no decay on x € R", say only in C, it is easy to give a finite-time
blow up solution of the derivative NLS in 2D. In the non-elliptic case, all of the blow up points
can constitute infinitely many hyperbolic curves, see Appendix A.

For the general equation (1.1) in the elliptic case with nonlinearity (1.2), the local and global
well posedness were studied in [5,17,21,22,25-27]. When the nonlinear term F satisfies an
energy structure condition RedF/d(Vu) = 0 and the initial data are sufficiently smooth in
weighted Sobolev spaces, Klainerman [21], Shatah [27] and Klainerman and Ponce [22] ob-
tained the global existence of (1.1) in all spatial dimensions. Chihara [5] considered the initial
data in sufficiently smooth weighted Sobolev spaces and removed the energy structure condition
RedF/0(Vu) =0 for n > 3 and only assume that cubic terms F;(z) in F(z) is modulation ho-
mogeneous (i.e., F1(¢'z) = ¢! F|(z)) for n = 2. Ozawa and Zhai [25] was able to consider the
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