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Abstract

In this paper, we prove an asymptotic mean value formula of sub- p-harmonic functions in the viscosity
sense on the Heisenberg group. As an application, we give a new proof of the Harnack inequality for sub-
p-harmonic functions on the Heisenberg group.
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1. Introduction

It is well known that a basic property of harmonic functions is the mean value property [1].
More precisely, u is a harmonic function in a domain £2 C R” (that is u satisfies Au =0 in £2)
if and only if it satisfies the mean value formula

u(x) = ][ u(y) dy

B (x)

* This work is supported by National Natural Science Foundation of China (No. 11071119).
* Corresponding author at: School of Science, Nanjing University of Science and Technology, Nanjing 210094, PR
China.
E-mail addresses: hrliu@njfu.edu.cn (H. Liu), yangxp @mail.njust.edu.cn (X. Yang).

0022-1236/$ — see front matter © 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jfa.2013.02.009


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jfa.2013.02.009
http://www.elsevier.com/locate/jfa
mailto:hrliu@njfu.edu.cn
mailto:yangxp@mail.njust.edu.cn
http://dx.doi.org/10.1016/j.jfa.2013.02.009

2178 H. Liu, X. Yang / Journal of Functional Analysis 264 (2013) 2177-2196

whenever B, (x) C §2 and f g f denotes the average of f over the set E. In fact, we can relax
this condition by requiring that it holds asymptotically

ulx) = ][ u(y)dy + 0(82) as e — 0.
Be(x)

This result follows for C? functions by using the Taylor expansion and for continuous func-
tions by using the theory of viscosity solutions. In addition, an asymptotic mean value formula
holds for some nonlinear cases as well. Manfredi et al. [2] characterized p-harmonic functions
by means of asymptotic mean value properties that hold in the so-called viscosity sense (see
Definition 2.2 below). More precisely, they proved that the asymptotic expansion

u(x) = g{maxu + min u} + B ][ u(y)dy -}—0(82)
Be(x) Bg(x) Bu(x)
e (X

as ¢ — 0 holds in the viscosity sense for all x € §2 if and only if
—Apu = —div(|Vu|p_2Vu) =0
in £2 in the viscosity sense, where the constants « and g are given by

-2
a:p and B
p+n

_ 24+n
_p~|-n'

The goal of this paper is to extend this analysis to sub-elliptic cases and to study asymptotic
mean value properties of the sub- p-harmonic functions on the Heisenberg group.

Let us introduce the Heisenberg group firstly. The Heisenberg group H" is a nilpotent Lie
group of step two whose underlying manifold is R*" x R with coordinates (z, 1) = (x, y, 1) =
(X1,.-+»Xn, Y1, ..., ¥n, t) and whose group action o is given by

n
(x0, Y0, 10) 0 (x, y, 1) = <x + X0,y + 0.t 10 +2 ) (Xiyo, — inO,-)>~ (1)

i=1

A basis for the Lie algebra of left-invariant vector fields on H" is given by

0 d
Xi=—+2y;—, =1,...,n,
=k Ty "
d d .
X"+l=a_yl_2x157 lzla"'7n1 (2)
0
T=—.
Jt

From (2), it is easy to check that X; and X, ; satisfy

[Xi1Xn+j]:_4T8ij7 and [Xi,Xj]Z[Xn+i,Xn+j]=O, i,j:],...,n.
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