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Abstract

We prove that every closed subgroup of a locally compact group is locally p-Ditkin for 1 < p < ∞.
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1. Introduction

Let G be a locally compact group and H a closed subgroup. The following result is well
known for locally compact abelian group: whenever f ∈ L1(Ĝ) (here Ĝ denotes the Pontrja-
gin dual of G) is such that f̂ vanishes on H and u ∈ L∞(Ĝ) is such that sp(f ∗ u) ⊂ H , then
f ∗ u = 0. The aim of this work is to generalize this result to arbitrary non-commutative locally
compact groups and arbitrary closed subgroups. We replace L1(Ĝ) by the Figà-Talamanca–
Herz algebra Ap(G) and L∞(Ĝ) by the Banach algebra CVp(G) of all convolution operators
of Lp(G) where 1 < p < ∞. In the classical case p = 2 our statement (Corollary 6) is the fol-
lowing: whenever u ∈ Ap(G) is such that u vanishes on H and T ∈ CVp(G) is such that the
support of uT is contained in H , then uT = 0. Equivalently if u ∈ Ap(G) vanishes on H and
Y ∈ CVp(G) has support in H then the equation uX = Y has no solution X ∈ CVp(G) unless
Y = 0.

We proved this for closed normal subgroups in [4], and for neutral subgroups in collaboration
with J. Delaporte in [2]. For G amenable and H arbitrary closed subgroup, the result is due
to B. Forrest, E. Kaniuth, A.T. Lau and N. Spronk [7]. J. Ludwig and L. Turowska proved [9]
for G, a second countable locally compact group, that every closed subgroup is locally 2-Ditkin.
In [5] we obtained that every closed amenable subgroup of a locally compact group is locally
p-Ditkin.
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2. Locally p-Ditkin sets

For f ∈ CG, a and x ∈ G we put f̌ (x) = f (x−1), af (x) = f (ax) and fa(x) = f (xa). If A is
a subset of G ResA f denotes the map of A into C a �→ f (a). We denote by mG a left invariant
Haar measure and by ΔG the modular function of G. We write L1(G) for the C-vector space of
all ϕ ∈ C

G which are integrable. If 1 < p < ∞ Lp(G) is the vector space of all ϕ ∈ C
G such

that ϕ is measurable and |ϕ|p is integrable. For 1 � p < ∞ and f ∈ Lp(G) we put Np(f ) =
(
∫ |f (x)|p dx)1/p . For f ∈ C

G we denote by [f ] the set of all g ∈ C
G with g(x) = f (x) almost

everywhere. For f ∈ Lp(G) we set ‖[f ]‖p = Np(f ) and Lp(G) = {[f ] | f ∈ Lp(G)}. For
1 < p < ∞, p′ = p/(p − 1), f ∈ Lp(G) and g ∈ Lp′

(G) we put 〈[f ], [g]〉 = ∫
f (x)g(x) dx.

Let 1 < p < ∞. We denote by Ap(G) the set of all pairs ((rn), (sn)) where (rn) is a sequence
of Lp(G) and (sn) is a sequence of Lp′

(G) such that
∑

Np(rn)Np′(sn) converges. By definition
Ap(G) is the set of all u ∈ C

G such that there is ((rn), (sn)) ∈Ap(G) with u(x) = ∑
(rn ∗ šn)(x)

for every x ∈ G. We put

‖u‖Ap(G) = inf
{∑

Np(rn)Np′(sn)
∣∣∣ (

(rn), (sn)
) ∈ Ap(G), u =

∑
rn ∗ šn

}
.

We refer to [6] for complementary results on Ap(G).

Definition 1. Let G be a locally compact group, 1 < p < ∞ and F a closed subset of G. We say
that F is a locally p-Ditkin subset of G if for every u ∈ Ap(G) ∩ C00(G) vanishing on F and
for every ε > 0 there is v ∈ Ap(G) ∩ C00(G) with suppv ∩ F = ∅ and ‖u − uv‖ < ε.

In [4, p. 102] we proved that a closed subset F of G is locally p-Ditkin if and only if for every
T ∈ CVp(G) and every u ∈ Ap(G) with suppuT ⊂ F and ResF u = 0 we have uT = 0.

3. The action of Ap(G) on L(Lp(G))

Denote by T the trace class operators of Lp(G) and by L the bounded operators of Lp(G).
For ((rn), (sn)) ∈ Ap(G) we denote by T((rn),(sn)) the trace class operator 〈T((rn),(sn))f, g〉 =∑〈[rn], g〉〈f, [sn]〉. Putting

F((rn),(sn))(x, y) =
∑

rn(x)sn(y)

if
∑

rn(x)sn(y) converges and 0 otherwise, we get

〈
T((rn),(sn))[f ], [g]〉 = ∫

G×G

F((rn),(sn))(x, y)g(x)f (y) dx dy.

This integral formula permits to associate in a bilinear way to ϕ ∈ Cb(G × G) and S ∈ T an op-
erator ϕS of L with ‖ϕS‖ � ‖ϕ‖∞‖S‖T . Setting for ψ : G × G → C (Ξψ)(x, y) = ψ(y, x)

and for ϕ : G → C (MGϕ)(x, y) = ϕ(yx−1), we get for u ∈ Ap(G) and S ∈ T ΞMGuS ∈ T
and ‖ΞMGuS‖T � ‖u‖Ap(G)‖S‖T . The pairing of L with T is defined in the following way:
for U ∈ L and S ∈ T we put
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