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Abstract

We study the boundedness of rough Fourier integral and pseudodifferential operators, defined by general
rough Hörmander class amplitudes, on Banach and quasi-Banach Lp spaces. Thereafter we apply the afore-
mentioned boundedness in order to improve on some of the existing boundedness results for Hörmander
class bilinear pseudodifferential operators and certain classes of bilinear (as well as multilinear) Fourier
integral operators. For these classes of amplitudes, the boundedness of the aforementioned Fourier integral
operators turn out to be sharp. Furthermore we also obtain results for rough multilinear operators.
© 2013 Elsevier Inc. All rights reserved.
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1. Introduction and summary of the results

A (linear) Fourier integral operator or FIO for short, is an operator that can be written locally
in the form
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Taf (x) = (2π)−n

∫
Rn

eiϕ(x,ξ)a(x, ξ)f̂ (ξ)dξ,

where a(x, ξ) is the amplitude, ϕ(x, ξ) is the phase function and f belongs to C∞
0 (Rn). In case

the phase function ϕ(x, ξ) = 〈x, ξ〉, the Fourier integral operator is called a pseudodifferential
operator, which in what follows will be abbreviated as �DO. The study of these operators, which
are intimately connected to the theory of linear partial differential operators, has a long history.
There is a large body of results concerning the regularity, e.g. the Lp boundedness, of FIOs
and �DOs, but due to the lack of space we only mention those investigations that are of direct
relevance to the current paper.

The most widely used class of amplitudes are those introduced by Hörmander in [16], the
so-called Sm

ρ,δ class, that consists of a(x, ξ) ∈ C∞(Rn ×R
n) with

∣∣∂α
ξ ∂

β
ξ a(x, ξ)

∣∣ � Cαβ

(
1 + |ξ |)m−ρ|α|+δ|β|

,

m ∈ R, ρ, δ ∈ [0,1]. For phase functions one usually assumes that ϕ ∈ C∞(Rn × R
n \ 0) is

homogeneous of degree 1 in the frequency variable ξ and satisfies the non-degeneracy condition,

that is the mixed Hessian matrix [ ∂2ϕ
∂xj ∂ξk

] has non-vanishing determinant.

The sharp local Lp (p ∈ (1,∞)) boundedness of FIOs, under the assumptions of a(x, ξ) ∈
Sm

ρ,1−ρ being compactly supported in the spatial variable x and ρ ∈ [ 1
2 ,1], m = (ρ − n)|1/p −

1/2| was established by A. Seeger, C.D. Sogge and E.M. Stein [22]. The global Lp boundedness
of FIOs (i.e. boundedness without the assumption of compact spatial support of the amplitude)
has also been investigated in various contexts and here we would like to mention boundedness
of operators with smooth amplitudes in the so-called SG classes, due to E. Cordero, F. Nicola
and L. Rodino in [8]; the boundedness of operators with amplitudes in Sm

1,0 on the space of
compactly supported distributions whose Fourier transform is in Lp(Rn) (i.e. the FLp spaces)
due to Cordero, Nicola and Rodino in [7] and Nicola’s refinement of this investigation in [20]; and
finally, S. Coriasco and M. Ruzhansky’s global Lp boundedness of Fourier integral operators [9],
with amplitudes that belong to a certain subclass of S0

1,0.
In this paper we consider the problem of boundedness of Fourier integral operators with am-

plitudes that are non-smooth in the spatial variables and exhibit an Lp type behavior in those
variables for p ∈ [1,∞]. This is a continuation of the investigation of boundedness of rough
pseudodifferential operators made by C. Kenig and W. Staubach [18] and that of regularity of
rough Fourier integral operators carried out by D. Dos Santos Ferreira and W. Staubach [10],
where the boundedness of the aforementioned operators were established under the condition
that the corresponding amplitudes are L∞ functions in the spatial variables.

One motivation for the study of these specific classes of rough oscillatory integrals whose
amplitudes have Lp spatial behavior is, as will be demonstrated in this paper, its applicability in
proving boundedness results for multilinear pseudodifferential and Fourier integral operators.

A study of rough pseudodifferential operators without any regularity assumption in the spatial
variables were carried out in [18] and A. Stefanov’s paper [23], where the irregularity of the
symbols of the operators are of L∞ type. Prior to these investigations, a systematic study of
pseudodifferential operators with limited smoothness was carried out by M. Taylor in [25]. The
corresponding problem for the Fourier integral operators were investigated in [10]. In the case of
Lp spatial behavior, an investigation of boundedness of pseudodifferential operators was carried
out by N. Michalowski, D. Rule and W. Staubach in [19]. To our knowledge, there has been no
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