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Abstract

The diffusion operator

Hp = —% dd_xa% — % = —% exp(—2B) %a exp(ZB)%,

where B(x) = fé‘ g(y) dy, defined either on RT = (0, co) with the Dirichlet boundary condition at x = 0,
or on IR, can be realized as a self-adjoint operator with respect to the density exp(2Q(x)) dx. The operator
is unitarily equivalent to the Schrédinger-type operator Hg = —% d%a % + Vp,q, where Vj, , = %(% +b).
We obtain an explicit criterion for the existence of a compact resolvent and explicit formulas up to the
multiplicative constant 4 for the infimum of the spectrum and for the infimum of the essential spectrum for
these operators. We give some applications which show in particular how info (Hp) scales when a = vag
and b = y by, where v and y are parameters, and ag and by are chosen from certain classes of functions.
We also give applications to self-adjoint, multi-dimensional diffusion operators.

© 2008 Elsevier Inc. All rights reserved.

Keywords: Spectrum; Essential spectrum; Compact resolvent; Diffusion; Schrodinger operator

E-mail address: pinsky @math.technion.ac.il.
URL: http://www.math.technion.ac.il/~pinsky/.
' The author thanks the hospitality of the Mathematics Department at the Hebrew University, where this work was
done during a sabbatical.

0022-1236/$ — see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jfa.2008.08.012



3280 R.G. Pinsky / Journal of Functional Analysis 256 (2009) 3279-3312

1. Introduction and statement of results

In this paper, we give an explicit formula up to the multiplicative constant 4 for the bot-
tom of the spectrum and for the bottom of the essential spectrum for diffusion operators on the
half-line R = (0, co) with the Dirichlet boundary condition at 0, and for diffusion operators
on the entire line. Assuming a little more regularity, each such operator is unitarily equivalent
to a certain Schrodinger-type operator, so we also obtain the same information for these latter
operators. Recall that such an operator possesses a compact resolvent if and only if its essential
spectrum is empty, or equivalently, if and only if the infimum of its essential spectrum is co.
Thus, we obtain a completely explicit criterion for the existence of a compact resolvent. A diffu-
sion operator with a compact resolvent is particularly nice because its transition (sub-)probability
density p(t, x, y) (with respect to the reversible measure) can be written in the form p(z, x, y) =
Z?zio exp(—Ant)dn ()P, (y), where {¢, ;’,0:0 is a complete, orthonormal set of eigenfunctions
and {A,};2, satisfying 0 < A9 < A1 < Az < ---, are the corresponding eigenvalues. We give
some applications of the results, which show in particular how info (Hp) scales when a = vay
and b = ybg, where v and y are parameters, and ap and by are chosen from certain classes
of functions. At the end of the paper, we give applications to self-adjoint, multi-dimensional
diffusion operators of the form —%V -aV —aVQ -V = —% exp(—2Q)V - aexp(2Q)V on
L2(R4, exp(2Q) dx). The methods and the statements of the results are analytic, but many of
the formulas and results have probabilistic import.

We begin with the theory on the half-line, wherein lies the crux of our method. The results
for the entire line follow readily from the results for the half-line. Let 0 <a € C 1([0, 00)) and
b e C([0, 00)). Define B(x) = fg %(y) dy. Consider the diffusion operator with divergence-form
diffusion coefficient a and drift b

1d d d 1 d d
Hp=—-—a— —b— = ——exp(—2B)—aexp(2B)—
2 dx dx

on R™ with the Dirichlet boundary condition at x = 0. One can realize Hp as a non-negative,

self-adjoint operator on L>(R™, exp(2B) dx) via the Friedrichs extension of the closure of the
non-negative quadratic form

1 (0.¢]
Op(f.8) = Ef(f/ag/) exp(2B)dx,
0

defined for f, g € Cé (R), the space of continuously differentiable functions with compact sup-
port on R,
Let Up denote the unitary operator from L2(RT) to L>(R™, exp(2B) dx) defined by

Upf =exp(—B) f.

Assuming that b € Cl(R"), define Hs = Ugl HpUp. One can check that

where
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