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Abstract

The self-affine measure μM,D corresponding to an expanding matrix M ∈ Mn(R) and a finite sub-
set D ⊂ Rn is supported on the attractor (or invariant set) of the iterated function system {φd(x) =
M−1(x +d)}d∈D . The spectral and non-spectral problems on μM,D , including the spectrum-tiling problem
implied in them, have received much attention in recent years. One of the non-spectral problem on μM,D

is to estimate the number of orthogonal exponentials in L2(μM,D) and to find them. In the present paper
we show that if a, b, c ∈ Z, |a| > 1, |c| > 1 and ac ∈ Z \ (3Z),

M =
[

a b

0 c

]
and D =

{(
0
0

)
,

(
1
0

)
,

(
0
1

)}
,

then there exist at most 3 mutually orthogonal exponentials in L2(μM,D), and the number 3 is the best.
This extends several known conclusions. The proof of such result depends on the characterization of the
zero set of the Fourier transform μ̂M,D , and provides a way of dealing with the non-spectral problem.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Invariant measures, such as self-similar measures, have recently found wide use in the theory
of fractals, in dynamics, in harmonic analysis and in quasicrystals (cf. [1,6]). A measure μ is self-
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similar if it is a convex combination of a given set S of transformations applied to the measure
itself. In the literature, one usually restricts attention to the case where the set S is finite. Then,
an iterated function system (IFS) results, and varying S yields a rich family of measures μ. To
get a manageable problem, further restrictions are placed on the transformations from S. E.g.,
that they are contractive, and that they fall in a definite class, such as conformal maps (giving
equilibrium measures on Julia sets), or affine mappings. Here the affine case is considered. Our
IFS {φd(x)}d∈D consists of the following affine maps on Rn,

φd(x) = M−1(x + d)
(
x ∈ Rn

)
,

where M ∈ Mn(R) is an n × n expanding real matrix (that is, all the eigenvalues of the real
matrix M have moduli > 1), and D ⊂ Rn is a finite subset of the cardinality |D|. We denote the
corresponding measure by μM,D , which is a unique probability measure μ := μM,D satisfying

μ = 1

|D|
∑
d∈D

μ ◦ φ−1
d . (1.1)

Such a measure μM,D is supported on the attractor (or invariant set) T (M,D) of the affine IFS
{φd(x)}d∈D (cf. [7,12]), and is called a self-affine measure.

Since this affine case includes restrictions of n-dimensional Lebesgue measure, Cantor mea-
sures, and IFS fractal measures, say on Sierpinski gaskets, it is natural to ask for Fourier duality.
Can one get some kind of Fourier representation for μM,D? We know from prior research
on L2(μM,D) that a naive notion of orthogonal Fourier series is not feasible in general for affine
IFSs. For example, the familiar middle 3rd Cantor set T (M,D) corresponding to M = 3 and
D = {0,2}, Jorgensen and Pedersen [18, Theorem 6.1] proved that any set of μM,D-orthogonal
exponentials contains at most 2 elements. In the case when M = p, p > 1, is odd and D = {0,1},
Dutkay and Jorgensen [4, Theorem 5.1(i)] proved that there are no 3 mutually orthogonal expo-
nential functions in L2(μM,D). In this paper we will explore planar affine IFS-examples when
the obstruction to getting a Fourier basis is extreme.

Recall that for a probability measure μ of compact support on Rn, we call μ a spec-
tral measure if there exists a discrete set Λ ⊂ Rn such that the exponential function system
EΛ := {e2πi〈λ,x〉: λ ∈ Λ} forms an orthogonal basis (Fourier basis) for L2(μ). The set Λ is then
called a spectrum for μ; we also say that (μ,Λ) is a spectral pair (cf. [19]).

Spectral measure is a natural generalization of spectral set introduced by Fuglede [10] whose
famous spectrum-tiling conjecture and its related problems have received much attention in re-
cent years (cf. [6,24,25]). The spectral self-affine measure problem at the present day consists
in determining conditions under which μM,D is a spectral measure, and has been studied in the
papers [2–6,18,23,25,27,28,32] (see also [33,34] for the main goal). In the opposite direction,
the non-spectral Lebesgue measure problem has been studied in the papers [10,11,15–17,22,26]
and [13,14] where the conjecture that the disk has no more than 3 orthogonal exponentials is still
unsolved. Correspondingly, the non-spectral problem on the self-affine measure consists of the
following two classes:

(I) There are at most a finite number of orthogonal exponentials in L2(μM,D), that is, μM,D-
orthogonal exponentials contain at most finite elements. The main questions here are to
estimate the number of orthogonal exponentials in L2(μM,D) and to find them (cf. [4,29]).
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