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Abstract

We modify the classical Paley–Wiener spaces PWx of entire functions of finite exponential type at most
x > 0, which are square integrable on the real line, via the additional condition of vanishing at finitely many
complex points z1, . . . , zn. We compute the reproducing kernels and relate their variations with respect to
x to a Krein differential system, whose coefficient (which we call the μ-function) and solutions have deter-
minantal expressions. Arguments specific to the case where the “trivial zeros” z1, . . . , zn are in arithmetic
progression on the imaginary axis allow us to establish for expressions arising in the theory a system of two
non-linear first order differential equations. A computation, having this non-linear system at his start, ob-
tains quasi-algebraic and among them rational Painlevé transcendents of the sixth kind as certain quotients
of such μ-functions.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction and summary of results

Let φ ∈ L2(R, dt) and F (φ)(z) = ∫ ∞
−∞ φ(t)eizt dt its Fourier transform. When φ is supported

in (−x, x), f (z) = F (φ)(z) is an entire function of exponential type at most x. Conversely the
Paley–Wiener theorem identifies the vector space PWx of entire functions of exponential type at
most x, square-integrable on the real line, as the Hilbert space of such Fourier transforms. Our
convention for our scalar products is for them to be conjugate linear in the first factor and complex
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linear in the second factor. Specifically (φ,ψ) = ∫
R

φ(t)ψ(t) dt , hence for the transforms f

and g: (f, g) = 1
2π

∫
R

f (z)g(z) dz = (φ,ψ).
The evaluator Zz is the element of PWx such that

∀g ∈ PWx, g = F (ψ), (Zz, g) = g(z) =
x∫

−x

eiztψ(t) dt = (
F

(
e−izt

∣∣
(−x,x)

)
, g

)
. (1)

Hence:

Zz(w) = 2
sin((z − w)x)

z − w
= eizxe−iwx − e−izxeiwx

i(z − w)
. (2)

Let E(w) = e−ixw and E∗(w) = E(w). The evaluators in PWx are given by

Zz(w) = (Zw,Zz) = E(z)E(w) − E∗(z)E∗(w)

i(z − w)
. (3)

Let us also define:

A(w) = 1

2

(
E(w) + E∗(w)

)
, (4a)

B(w) = i

2

(
E(w) − E∗(w)

)
. (4b)

Then E = A − iB , A = A∗, B = B∗ and:

(Zw,Zz) = Zz(w) = 2
B(z)A(w) − A(z)B(w)

z − w
. (5)

For the Paley–Wiener spaces, A(w) = cos(xw) is even and B(w) = sin(xw) is odd.
Let us consider generally a Hilbert space H , whose vectors are entire functions, and such that

the evaluations at complex numbers are continuous linear forms, hence correspond to specific
vectors Zz. Let σ = (z1, . . . , zn) be a finite sequence of distinct complex numbers. We let Hσ be
the closed subspace of H of functions vanishing at the zi ’s. Let

γ (z) = 1

(z − z1) . . . (z − zn)
(6)

and define H(σ) = γ (z)Hσ :

H(σ) = {
F(z) = γ (z)f (z)

∣∣ f ∈ H, f (z1) = · · · = f (zn) = 0
}
. (7)

We introduced this notion in [5]. We say that F(z) = γ (z)f (z) is the “complete” form of f , and
refer to z1, . . . , zn as the “trivial zeros” of f . We give H(σ) the Hilbert space structure which
makes f �→ F an isometry with Hσ . Let us note that evaluations F �→ F(z) are again continuous
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