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A Sobolev-like inequality for the Dirac operator
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Abstract

In this article, we prove a Sobolev-like inequality for the Dirac operator on closed compact Riemannian
spin manifolds with a nearly optimal Sobolev constant. As an application, we give a criterion for the exis-
tence of solutions to a nonlinear equation with critical Sobolev exponent involving the Dirac operator. We
finally specify a case where this equation can be solved.
© 2008 Elsevier Inc. All rights reserved.

Keywords: Dirac operator; Sobolev inequality; Conformal geometry; Nonlinear elliptic equations

1. Introduction

Let (Mn,g) be a compact Riemannian manifold of dimension n � 3. The Sobolev embedding
theorem asserts that the Sobolev space H 2

1 of functions u ∈ L2 such that ∇u ∈ L2 embeds con-
tinuously in the Lebesgue space LN (with N = 2n

n−2 ). In other words, there exist two constants

A,B > 0 such that, for all u ∈ H 2
1 , we have

(∫
M

|u|N dv(g)

) 2
N

� A

∫
M

|∇u|2 dv(g) + B

∫
M

u2 dv(g). S(A,B)
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Considerable work has been devoted to the analysis of sharp Sobolev-type inequalities, very
often in connection with concrete problems from geometry. One of these concerns the best con-
stant in S(A,B) defined by

A2(M) := inf A2(M),

where

A2(M) := {
A > 0

/ ∃B > 0 such that S(A,B) holds for all u ∈ C∞(M)
}
.

From S(A,B) and by definition of A2, we easily get that:

(1) A2(M) � K(n,2)2,
(2) for any ε > 0 there exists Bε > 0 such that inequality S(A2(M) + ε,Bε) holds.

Here K(n,2)2 denotes the best constant of the corresponding Sobolev embedding theorem in
the Euclidean space given by (see [8,33]):

K(n,2)2 = 4

n(n − 2)ω
2/n
n

,

where ωn stands for the volume of the standard n-dimensional sphere. In fact, Aubin [8] showed
that A2(M) = K(n,2)2 and conjectured that S(A,B) should hold for A = K(n,2)2, that is
A2(M) is closed. The proof of this conjecture by Hebey and Vaugon (see [22,23]) gave rise
to various interesting problems dealing with the best constants in Riemannian Geometry. One of
those given in [24], is the problem of prescribed critical functions which study the existence of
functions for which S(A2(M),B0) is an equality (here B0 > 0 denotes the infimum on B > 0
such that S(A2(M),B0) holds). For more details and related topics, we refer to [16].

Recall that one of the first geometric applications of the best constant problem has been
discovered by Aubin [7] regarding the Yamabe problem. This famous problem of Riemannian
geometry can be stated as follows: given a compact Riemannian manifold (Mn,g) of dimen-
sion n � 3, can one find a metric conformal to g such that its scalar curvature is constant? This
problem has a long and fruitful history and it has been completely solved in several steps by
Yamabe [36], Trudinger [35], Aubin [7] and finally Schoen [31] using the Positive Mass Theo-
rem coming from General Relativity (see also [27] for a complete review). The Yamabe problem
is in fact equivalent to find a smooth positive solution u ∈ C∞(M) to a nonlinear elliptic equa-
tion:

Lgu := 4
n − 1

n − 2
�gu + Rgu = λuN−1, (1)

where Lg is known as the conformal Laplacian (or the Yamabe operator), �g (resp. Rg) de-
notes the standard Laplacian acting on functions (resp. the scalar curvature) with respect to the
Riemannian metric g and λ ∈ R is a constant. Indeed, if such a function exists then the metric
g = uN−2g is conformal to g and satisfies Rg = λ. A standard variational approach cannot allow
to conclude because of the lack of compactness in the Sobolev embedding theorem involved in
this method. However, Aubin [7] proved that if:
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