
Journal of Functional Analysis 259 (2010) 1300–1321

www.elsevier.com/locate/jfa

The nonlinear Schrödinger equation with white noise
dispersion

Anne de Bouard a, Arnaud Debussche b,∗

a Centre de Mathématiques Appliquées, CNRS et Ecole Polytechnique, 91128 Palaiseau cedex, France
b IRMAR et ENS de Cachan, Antenne de Bretagne, Campus de Ker Lann, Av. R. Schuman, 35170 BRUZ, France

Received 19 March 2010; accepted 6 April 2010

Available online 18 April 2010

Communicated by Paul Malliavin

Abstract

Under certain scaling the nonlinear Schrödinger equation with random dispersion converges to the non-
linear Schrödinger equation with white noise dispersion. The aim of this work is to prove that this latter
equation is globally well posed in L2 or H 1. The main ingredient is the generalization of the classical
Strichartz estimates. Additionally, we justify rigorously the formal limit described above.
© 2010 Elsevier Inc. All rights reserved.

Keywords: White noise dispersion; Strichartz estimates; Stochastic partial differential equation; Nonlinear fibre optics

1. Introduction

The following nonlinear Schrödinger equation with random dispersion describes the propaga-
tion of a signal in an optical fibre with dispersion management (see [1,2]):

⎧⎨
⎩ i

dv

dt
+ εm(t)∂xxv + ε2|v|2v = 0, x ∈ R, t > 0,

v(0, x) = v0(x), x ∈ R.

(1.1)
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Recall that in the context of fibre optics, x corresponds to the retarded time while t corresponds
to the distance along the fibre. The coefficient εm(t) accounts for the fact that ideally one would
want a fibre with zero dispersion, in order to avoid chromatic dispersion of the signal. This is
impossible to build in practice and engineers have proposed to build fibres with a small dispersion
which varies along the fibre and has zero average. The case of a periodic deterministic dispersion
has been studied in [21] where an averaged equation is derived. This averaged equation is then
shown to possess ground states (see [21] for the case of positive residual dispersion, that is when
m(t) has positive average over a period, and [14] for the case of vanishing residual dispersion).
Note that in this periodic setting, the nonlinear term is not of size ε2 as such a nonlinear term
would have no effect on the dynamics, the equation studied in [21] has in fact the coefficient ε in
front on the nonlinearity.

In this article, we consider the case of a random dispersion, i.e. m is a centered stationary
random process. As will be clear from our study, only a nonlinearity of order ε2 is relevant in
this context. In order to understand the limit as the small parameter ε goes to zero, it is natural to
rescale the time variable by setting u(t, x) = v( t

ε
, x) and we obtain

⎧⎨
⎩ i

du

dt
+ 1

ε
m

(
1

ε2

)
∂xxu + |u|2u = 0, x ∈ R, t > 0,

u(0) = u0, x ∈ R.

(1.2)

This model has been initially studied in [16] where a split step numerical scheme is proposed to
simulate its solutions. Under classical ergodic assumptions on m, it is expected that the limiting
model when ε goes to zero is the following stochastic nonlinear Schrödinger equation with white
noise dispersion

{
i du + σ0∂xxu ◦ dβ + |u|2u = 0, x ∈ R, t > 0,

u(0) = u0, x ∈ R,
(1.3)

where β is a standard real valued Brownian motion, σ 2
0 = 2

∫ +∞
0 E[m(0)m(t)]dt , and ◦ is the

Stratonovich product. In [16], the cubic nonlinearity is replaced by a nicer Lipschitz function so
that the limiting equation can be easily studied using the fact that the evolution associated to the
linear equation defines an isometry in all L2 based Sobolev spaces. It is shown that the nonlinear
Schrödinger equation with white noise dispersion is indeed the limit of the original problem and
this result is used to prove that some numerical scheme produces good approximation result for
a time step significantly higher than ε. Again, all this study is performed for an equation where a
nice Lipschitz function replaces the power nonlinearity.

Our aim is to address the original equation with power nonlinearity. In fact, we study the more
general equation for σ > 0:

{
i du + σ 2

0 �u ◦ dβ + |u|2σ udt = 0, x ∈ R
d, t > 0,

u(0) = u0, x ∈ R
d .

Note that the sign in front of the nonlinear term |u|2u is not important here, as it can be changed
from +1 to −1 by changing β to −β and u to its complex conjugate. Also, we will assume
without loss of generality that σ 2

0 = 1.
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