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In this paper, we prove that the 3-rank of the ideal class group 
of the imaginary quadratic field Q(

√
4 − 318n+3) is at least 3

for every positive integer n.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction

In 1973, Craig [1] proved that there exist infinitely many imaginary quadratic fields 
whose ideal class groups have 3-rank at least 3. After that Craig himself extended such 
lower bound replaced by 4 ([2]). However, less is known about a parametric family of 
such fields with high rank. On the other hand, one of the author showed in [6] that the 
3-rank of the ideal class group of imaginary quadratic field Q(

√
4 − 36n+3) is at least 2
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for any positive integer n. The goal of the present paper is to prove that the lower bound 
of 3-rank for such fields can be replaced by 3 when n is divisible by 3, that is,

Theorem 1. Let n be a positive integer. Then the 3-rank of the ideal class group of 
Q(

√
4 − 318n+3) is at least 3.

2. Proof of Theorem 1

For a positive integer n we consider two quadratic fields

k := Q(
√

4 − 318n+3) and k′ := Q(
√

−3(4 − 318n+3)).

Denote the 3-rank of the ideal class group of k (resp. k′) by r (resp. s). Then it holds 
that r = s + 1 (cf. [6, Theorem 3]). Therefore it is sufficient to show that s ≥ 2.

For an element α of a quadratic field k such that Nk(α) = m3 for some m ∈ Z, define 
the cubic polynomial fα by

fα(X) = X3 − 3mX − Trk(α),

where Nk and Trk denote the norm map and the trace map of k/Q, respectively.
The following proposition, which combined [4, Lemma 1], [5, Proposition 6.5], [9, 

Theorem 1] (see Proposition 2.2) and [8, Lemma 3.2], is one of the main ingredients in 
the proof of our theorem.

Proposition 2.1. Let d be an integer with d /∈ Z2 ∪ (−3Z2) and put k = Q(
√
d) and 

k′ = Q(
√
−3d). Let α and β be integers in k× whose norms are cubic in Z. Then we 

have

(1) The polynomial fα is reducible over Q if and only if α is cubic in k.
(2) If fα is irreducible over Q, then the splitting field Eα of fα over Q is a cyclic cubic 

extension of k′ unramified outside S and Eα has a cubic subfield K with v3(DK) �= 5, 
where S is the set of all the prime divisors of 3 gcd(Nk(α), Trk(α)) and DK is the 
discriminant of K.

(3) The splitting fields of fα and fβ over Q are distinct if and only if neither αβ nor 
αβ is cubic in k, where α is the conjugate of α in k.

Next we extract some results from Llorente and Nart [9, Theorem 1].

Proposition 2.2. Suppose that the cubic polynomial

F (X) = X3 − aX − b, a, b ∈ Z,

is irreducible over Q, and that either vp(a) < 2 or vp(b) < 3 holds for every prime p. Let 
θ be a root of F (X), and put K = Q(θ). Then we have
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