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1. Introduction

Throughout the paper, N denotes the set of non-negative integers. A finite sequence
a = (ay,...,a,) of positive integers is called a composition. The integer r is called
the depth of a and the integer k = a1 + ... + a, the weight of a. The composition a
is said to be admissible if either » > 1 and a; > 2, or a is the empty composition
denoted @.
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To each admissible composition a = (ay,...,a,), one associates a real number ((a).
It is defined by the convergent series

()= 3w (1)

niy>...>n>0

when r > 1, and by ((@) = 1 when r = 0. These numbers are called multiple zeta values
or Fuler—Zagier numbers.

A binary word is by definition a word w constructed on the alphabet {0,1}. Its let-
ters are called bits. The number of bits of w is called the weight of w and denoted
by |w|. The number of bits of w equal to 1 is called the depth of w. To any composition
a=(ay,...,a,), one associates the binary word

w(a) = {0}a,—11... {O}e, 11 (2)

where for each integer u > 0, {0}, denotes the binary word consisting of u bits equal
to 0, and where w(a) is the empty word if a is the empty composition. The weight of
w(a) is equal to the weight of a and its depth to the depth of a.

We shall denote by W the set of binary words. When ¢, € {0,1}, ;W and W
denote the sets of binary words starting by € and ending by ¢’ respectively, and W,
their intersection.

The map w is a bijection from the set of compositions onto the set of binary words not
ending by 0. Non-empty compositions correspond to words in W1, and non-empty ad-
missible compositions to words in ¢W;. Therefore a binary word will be called admissible
if either it belongs to ¢W1, or it is empty.

Maxim Kontsevich has discovered that for each admissible composition a, the multiple
zeta value ((a) can be written as an iterated integral. More precisely, if w = e ...¢;
denotes the associated binary word w(a), we have

1
=Tt [ (weys.nnywe,) = Fer(t) oo foy () dty . . dty, (3)
v f

1>t1>...>t >0

where w; = f;(t)dt, with fo(t) = 1 and f1(t) = 11;. We therefore often write this number
¢(w) instead of ((a).

Let w = e1...e; be a binary word. Its dual word is defined to be W = &j...Z&q,
where 0 = 1 and 1 = 0. When w is admissible, so is @w. We can therefore define the
dual composition of an admissible composition a to be the admissible composition a
such that w(a) is dual to w(a). When a has weight k& and depth r, a has weight k and
depth k —r.

By the change of variables ¢; — 1 — {;41—; in the integral (3), one gets the following
duality relation: for any admissible composition a, we have

((a) =¢(a). (4)
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