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Motivated by the problem of finding explicit q-hypergeometric 
series which give rise to quantum modular forms, we define 
a natural generalization of Kontsevich’s “strange” function. 
We prove that our generalized strange function can be used 
to produce infinite families of quantum modular forms. We do 
not use the theory of mock modular forms to do so. Moreover, 
we show how our generalized strange function relates to the 
generating function for ranks of strongly unimodal sequences 
both polynomially, and when specialized on certain open sets 
in C. As corollaries, we reinterpret a theorem due to Folsom–
Ono–Rhoades on Ramanujan’s radial limits of mock theta 
functions in terms of our generalized strange function, and 
establish a related Hecke-type identity.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction and statement of results

1.1. Background and motivation

Quantum modular forms have been a topic of recent interest. Loosely speaking, as 
defined by Zagier [18], a quantum modular form is a complex-valued function that ex-
hibits modular-like transformation properties on the rational numbers, as opposed to the 
upper-half of the complex plane. To be more precise, a weight k quantum modular form
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(k ∈ 1
2Z) is a complex-valued function f on Q or possibly P1(Q) \S for some appropriate 

set S, such that for all γ =
(
a b
c d

)
∈ Γ, where Γ ⊆ SL2(Z) is an appropriate subgroup, 

the function

hγ(x) = hf,γ(x) := f(x) − ε(γ)(cx + d)−kf

(
ax + b

cx + d

)
satisfies a ‘suitable’ property of continuity or analyticity. The ε(γ) are appropriate com-
plex numbers, such as those that arise naturally in the theory of half-integral weight 
modular forms. Here, we have modified Zagier’s original definition as in [7] to allow half-
integral weights k, subgroups of SL2(Z), and multiplier systems ε(γ), in accordance with 
the theory of ordinary modular forms. Zagier’s definition, in particular the continuity 
or analyticity requirement of the “error to modularity” hγ(x), is intentionally vague, so 
that it may encompass many diverse, interesting, examples.

Among Zagier’s pioneering first examples of quantum modular forms is the function 
φ(x) := e(x/24)F (e(x)) (e(z) := e2πiz), where x ∈ Q \ {0}, and the function F (q) is the 
“strange” function

F (q) :=
∞∑

n=0
(q; q)n

(where (a; q)n :=
∏n−1

j=0 (1 − aqj) for n ∈ N, and (a; q)0 := 1) originally studied by 
Kontsevich [18]. One “strange” aspect of the function F (q) is that it converges on no 
open subset of C, only when q = ζhk := e(h/k) (k ∈ N, h ∈ Z) is a root of unity. In [18], 
Zagier proves that the normalized strange function φ(x) in fact possesses some beautiful 
analytic properties, which we paraphrase in the following theorem.

Theorem (Zagier, [18]). For x ∈ Q \ {0}, we have that φ(x) is quantum modular form 
of weight 3/2 with respect to the group SL2(Z). In particular, hγ,φ(x) is a real analytic 
function.

Perhaps surprisingly, F (q) has also been connected to a certain function U(1; q) which 
is of independent interest for its combinatorial properties, and which was also shown 
in [5] to be both mock modular and quantum modular. (For more on mock modular 
forms and their numerous applications in recent years, we refer the interested reader to 
the surveys by Ono [12] and Zagier [17].) To describe this connection more precisely, 
we introduce some combinatorial functions. A sequence {aj}sj=1 of integers is called a 
strongly unimodal sequence of size n if there exists some integer r such that 0 < a1 <

a2 < · · · < ar > ar+1 > · · · > as > 0, and a1 + a2 + · · · + as = n. Analogous to 
the notion of the rank of an integer partition, one also has the notion of the rank of 
a strongly unimodal sequence; in terms of the definition given above, the rank of the 
strongly unimodal sequence {aj}sj=1 is defined to be s − 2r + 1, the number of terms 
after the maximal term in the sequence minus the number of terms that precede it. It is 
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