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Text. For positive integers a, b, c that are coprime, the 
Frobenius number of a, b, c, denoted by g(a, b, c), is the largest 
integer that is not expressible by the form ax +by+cz with x, 
y, z nonnegative integers. We give exact formulae for g(a, b, c)
that covers all cases of a, b, c.

Video. For a video summary of this paper, please visit 
https://youtu.be/dv0GSy2MGzw.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

The Frobenius Problem (FP) is to determine the largest positive integer that is not 
representable as a nonnegative integer combination of given positive integers that are 
coprime. Due to an obvious connection with supplying change in terms of coins of cer-
tain fixed denominations, the Frobenius problem is also known as the Coin Exchange 
Problem or as the Money Changing Problem. More formally, given positive integers 
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a1, . . . , an, with gcd(a1, . . . , an) = 1, it is well known and not hard to show that for 
all sufficiently large N the equation

a1x1 + · · · + anxn = N (1)

has a solution with nonnegative integers x1, . . . , xn. The Frobenius number g(a1, . . . , an)
is the largest integer N such that (1) has no solution in nonnegative integers. Al-
though the origin of the problem is attributed to Sylvester [26], who showed that 
g(a1, a2) = a1a2 − a1 − a2, an apparent reason for associating the name of Frobenius 
with this problem is possibly due to the fact that he was largely instrumental in popu-
larizing this problem in his lectures. The Frobenius problem has a rich and long history, 
with several applications and extensions, and connections to several areas of research. 
A comprehensive survey covering all aspects of the problem can be found in [18]; also 
see [8].

Exact determination of the Frobenius number is a difficult problem in general. Brauer 
[3] found the Frobenius number for consecutive integers, Roberts [20] extended this result 
to numbers in arithmetic progression (see also [1,29,34]), and Selmer [24] further gener-
alized this to the determination of g(a, ha +d, ha +2d, . . . , ha +nd) (see also [31]). There 
are only a few other cases where the Frobenius number has been exactly determined for 
any n variables; refer to [18] for other instances. In the absence of exact results, research 
on the Frobenius problem has often been focused on sharpening bounds on the Frobe-
nius number and on algorithmic aspects. Although running time of these algorithms 
is superpolynomial, Kannan [15] gave a method that solved the Frobenius problem in 
polynomial time for fixed number of variables using the concept of covering radius, and 
Ramírez Alfonsín [17] showed that the problem is NP-hard under Turing reduction.

The purpose of this article is to give exact results for the Frobenius number 
g(a1, a2, a3) in all cases. Most of the results in this article appeared in the author’s the-
sis [28], but were not communicated earlier. Although the Frobenius number g(a1, a2)
is easy to determine, exact formulae for g(a1, a2, a3) for all choices of the variables were 
not previously known and results concerning this were limited to algorithms, bounds and 
exact results in some special cases.

1.1. A brief overview

We divide our article into three sections. We begin with a brief introduction to the
FP in Section 1. In Section 2, we give a historical perspective to the special case of the
FP in three variables, and cite two crucial results (Theorems 1 and 2) we use to obtain 
our formulae. Section 3 contains the formulae for g(a, b, c). For convenience, we have 
subdivided this into six subsections. We give two independent sets of formulae, each of 
which covers all cases of a, b, c. Both sets include the results given in Lemmas 1 and 2; 
additionally, one set of results is given by Theorems 3 and 5, while the other set is 
given by results in Theorems 4 and 6. The subcases covered by Theorems 3 and 4 give 
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