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A symmetrized lattice of 2n points in terms of an irrational 
real number α is considered in the unit square, as in the 
theorem of Davenport. If α is a quadratic irrational, the 
square of the L2 discrepancy is found to be c(α) logn +
O (log logn) for a computable positive constant c(α). For the 
golden ratio ϕ, the value 

√
c(ϕ) logn yields the smallest L2

discrepancy of any sequence of explicitly constructed finite 
point sets in the unit square. If the partial quotients ak

of α grow at most polynomially fast, the L2 discrepancy 
is found in terms of ak up to an explicitly bounded error 
term. It is also shown that certain generalized Dedekind sums 
can be approximated using the same methods. For a special 
generalized Dedekind sum with arguments a, b an asymptotic 
formula in terms of the partial quotients of a

b
is proved.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Consider an arbitrary finite set A ⊂ [0, 1]2 in the unit square. For any x, y ∈ [0, 1] let

SA(x, y) = |A ∩ ([0, x) × [0, y))| (1)
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denote the number of elements of A in the rectangle [0, x) × [0, y). A classical result of 
K. Roth [8] in the theory of discrepancy is that for any finite set A ⊂ [0, 1]2 we have

1∫
0

1∫
0

(SA(x, y) − |A|xy)2 dx dy > C · log |A| (2)

for some universal constant C > 0. The square root of the left hand side of (2) is 
sometimes called the mean square discrepancy, or the L2 discrepancy of the set A.

Several constructions for the set A show that (2) is best possible up to a constant 
factor, the first of which is due to H. Davenport. For a positive integer n and an irrational 
real number α consider the set

A = A(n, α) =
{(

{±kα} , k
n

)
: 1 ≤ k ≤ n

}
(3)

of 2n points, where {x} denotes the fractional part of x. The theorem of Davenport [5]
states that if α is badly approximable, i.e. infm>0 m ‖mα‖ > 0, where ‖x‖ denotes the 
distance of x from the nearest integer, then for A as in (3) we have

1∫
0

1∫
0

(SA(x, y) − |A|xy)2 dx dy < C(α) · log |A| (4)

for some positive constant C(α) depending only on α.
The purpose of this paper is to find the precise order of magnitude of the left hand 

side of (4), where A is as in (3). We will work with a weaker assumption than α being 
badly approximable, however: we will assume that the continued fraction representation 
α = [a0; a1, a2, . . . ] satisfies ak = O(kd) for some constant d ≥ 0. Note that α is badly 
approximable if and only if this condition holds with d = 0. The motivation for this 
generality comes from the fact that the partial quotients of Euler’s number e satisfy 
ak = O(k). In fact, there is a class of transcendental numbers related to Euler’s number e, 
including e.g. e 2

n for every positive integer n, the partial quotients of which satisfy the 
same condition. Since there are very few classes of irrational numbers the continued 
fraction representations of which are explicitly known, we wanted our results to hold for 
as many of them as possible.

2. The main term of the L2 discrepancy

The original proof of Davenport [5] of (4) heavily uses the properties of the sequence 
‖mα‖. The first step toward finding the precise order of magnitude of the left hand side 
of (4) is to isolate its dependence on ‖mα‖ as follows.
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