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We derive two new upper bounds on the double multiplicative
character sum over subgroups and intervals
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where x is a multiplicative character modulo a prime p,
H and N are positive integers and a and g are integers with
ged(ag, p) = 1. One bound is unconditional and based on a re-
cent result of Cilleruelo and Garaev (2014), the other bound is
conditional on the Generalised Riemann Hypothesis (GRH).
These bounds complement and improve in some ranges on the
recent results of Chang and Shparlinski (2014).
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1. Introduction

For an interval Z = {1, ..., H} of H consecutive integers and a multiplicative subgroup
G of ]F;*7 of order T" we define the sums

Se(a,Z,6) =)
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, 1<a<p,

with a multiplicative character x of Fj. Nontrivial upper bound can be obtained by
applying the Burgess bound [6, Theorem 12.6] if H > pl/4+e. Several other bounds,
nontrivial in a wide range of parameters H and T, have been shown by Chang and
Shparlinski [3].

Here we combine a result of Cilleruelo and Garaev [4, Theorem 1(i)] with the approach
of Chang and Shparlinski [3] to obtain new bounds on double multiplicative character
sums
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where g is a generator of a multiplicative subgroup G of F, of order 7" and an integer
N < T. In particular, these estimates are nontrivial in a very wide range of parameters
(H,T). We remark that the results of [3] can be extended for incomplete sums, however
we improve such potential extensions in a wide range of parameters H and N, see also
Section 6.

Finally, we also obtain stronger bounds on the sums R, (a,g,Z, N) under the Gener-
alised Riemann Hypothesis (GRH).

We also give an application of our results to some exponential congruence which in its
simplest form has appeared in a number of works [11,12,16]. In particular, it is related
to the problem of the distribution of spacings between residues of exponential functions
that has been considered by Rudnick and Zaharescu [11].

Throughout the paper, as usual A < B is equivalent to the inequality |A| < ¢B with
some constant ¢ > 0 (all implied constants are absolute throughout the paper).

2. Main results

The following results give nontrivial upper bounds that are valid without any restric-
tions on the smallest length of the intervals Z. It is however sometimes convenient to
assume that this length is at most p°-3.

For real kK > 0 we define
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