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Let K be a field of characteristic char(K) # 2,3 and let € be
an elliptic curve defined over K. Let m be a positive integer,
prime with char(K) if char(K) # 0; we denote by £[m] the
m-torsion subgroup of £ and by K,, := K(£[m]) the field
obtained by adding to K the coordinates of the points of £[m)].
Let P; := (zi,yi) (¢ = 1,2) be a Z-basis for £[m]; then K,, =
K(z1,y1,22,y2). We look for small sets of generators for K,
inside {z1,y1,%2,y2,(m} trying to emphasize the role of (n,
(a primitive m-th root of unity). In particular, we prove that
K = K(z1,(m,y2), for any odd m > 5. When m = p is
prime and K is a number field we prove that the generating set
{z1,(p,y2} is often minimal, while when the classical Galois
representation Gal(K,/K) — GL2(Z/pZ) is not surjective we
are sometimes able to further reduce the set of generators.
‘We also describe explicit generators, degree and Galois groups
of the extensions K,,/K for m =3 and m = 4.
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1. Introduction

Let K be a field of characteristic char(K) # 2,3 and let £ be an elliptic curve defined
over K. Let m be a positive integer, prime with char(K) if char(K) # 0. We denote by
E[m] the m-torsion subgroup of £ and by K,, := K(&[m]) the field generated by the
points of £[m], i.e., the field obtained by adding to K the coordinates of the m-torsion
points of €. As usual, for any point P € &, we let z(P), y(P) be its coordinates and
we indicate its m-th multiple simply by mP. We denote by {P;, P>} a Z-basis for £[m];
then K,, = K(z(Py),z(P2),y(P1),y(FP2)). To ease notation, we put z; := z(P;) and
yi = y(P;) (1 = 1,2). By Artin’s primitive element theorem the extension K,,/K is
monogeneous and one can find a single generator for K,,/K by combining the above
coordinates. On the other hand, by the properties of the Weil pairing e,,, we have that
em(P1, Py) € K, is a primitive m-th root of unity (we denote it by (). We want
to emphasize the importance of ¢, as a generator of K,,/K and look for minimal (i.e.,
with the smallest number of elements) sets of generators contained in {1, 2, Y1, Y2, Cm }-
This kind of information is useful for describing the fields in terms of degrees and Galois
groups, as we shall explicitly show for m = 3 and m = 4. Other applications are local—
global problems (see, e.g., [5] or the particular cases of [11] and [12]), descent problems
(see, e.g., [14] and the references there or, for a particular case, [2] and [3]), Galois rep-
resentations, points on modular curves (see Section 4.4) and points on Shimura curves.

It is easy to prove that K, = K(z1,22,{m,y1) (see Lemma 2.1) and we expected
a close similarity between the roles of the z-coordinates and y-coordinates; this turned
out to be true in relevant cases. Indeed in Section 3 (mainly by analyzing the possible
elements of the Galois group Gal(K,,/K)) we prove that K,,, = K(x1,(m,y1,y2) at least
for odd m > 5. This leads to the following (for more precise and general statements see
Theorems 2.8, 3.1 and 3.6)

Theorem 1.1. If m > 3, then K,, = K(z1 + z2, 2122, (m, y1). Moreover if m > 4, then
Km - K((L‘l, Cmvyla y2) - Km = K(Q?l, Cm7y2) .
In particular K, = K(21,(m, y2) for any odd integer m = 5.

Note that, by Theorem 1.1, we have K, = K(x1,{p,y2), for any prime p > 5. The
set {z1,(p, y2} seems a good candidate (in general) for a minimal set of generators for
K,/K.Indeed, when K is a number field and £ has no complex multiplication, by Serre’s
open image theorem (see [15]), we expect that the natural representation

pe.p : Gal(K/K) — GLa(Z/pZ)

provides an isomorphism Gal(K,,/K) ~ GLs(Z/pZ) for almost all primes p, and there
are hypotheses on 1, (,, and y2 (see Theorem 4.3) which guarantee that
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