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We use the saddle point method to prove an explicit upper 
bound for the number of representations of a positive integer 
n into the form �√a1� + �√a2� + . . . + �√ak�, where k and 
a1, a2, . . . , ak are positive integers. We also give an asymptotic 
formula for this number as n → ∞.
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1. Introduction

The number of representations of a positive integer n of the form �√a1� + �√a2� +
· · ·+ �√ak� with positive integers k and a1 ≤ a2 ≤ · · · ≤ ak was introduced by Balasub-
ramanian and Luca in [1]. In their paper, they investigated the size of the set
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F(x) = {Δ(n) ≤ x},

where Δ(n) is the number of unordered factorizations of the positive integer n into 
factors > 1. They proved that for all x ≥ 1,

|F(x)| ≤ exp
(
9(log x)2/3

)
. (1)

Their proof of inequality (1) however depended on the following bound, which was also 
proved in the same paper:

q(n) ≤ exp
(
5n2/3

)
, (2)

where q(n) denotes the number of representations of n of the form

n = �√a1� + �√a2� + . . . + �√ak�,

where k and a1 ≤ a2 ≤ · · · ≤ ak are positive integers.
Chen and Li [2] found a gap in the proof of (2). They provided an alternative proof 

that gives a weaker upper bound as well as a lower bound for q(n). Their result is the 
following:

exp
(
c1n

2/3
)
≤ q(n) ≤ exp

(
c2n

2/3
)
,

where c1 ≈ 5.385 ×10−24 and c2 ≈ 22.962. In this paper, we use the saddle point method 
to obtain the following explicit upper bound on q(n):

Theorem 1. For n ≥ 50 we have

log q(n) ≤ 6ζ(3)1/3

42/3 n2/3
(

1 + 3.2
3
√
n + 2

)
, (3)

with

6ζ(3)1/3

42/3 ≈ 2.532.

The condition n ≥ 50 is only a technicality that we assume to obtain a relatively 
small constant in the second term of the bound in (3). For n ≤ 50, Fig. 1 shows that an 
even better upper bound holds (in Fig. 1 the curve represents the graph of the function 

x �→ 6ζ(3)1/3

42/3 x2/3 and the dotted line represents the graph of the sequence of general term 
log q(n)).

Note that if n ≥ 50 then

6ζ(3)1/3

42/3

(
1 + 3.2

3
√
n + 2

)
≥ 6ζ(3)1/3

42/3

(
1 + 3.2

3
√

52

)
≈ 4.7,
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