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1. Introduction

The question of finding all positive definite quadratic forms with small class number
dates back to Gaufl. The binary case (where at present, a complete unconditional clas-
sification is out of reach) is related to relative ideal class numbers of CM-fields. Over
the rationals, one-class genera cannot exist in dimension > 11 (cf. [36]). The rational
one-class genera have been studied extensively by Watson, see [35,37] and the references
therein. He classified all such genera in three and more than five variables, and pro-
duced partial results in four and five variables. The authors have recently reinvestigated
Watson’s classification and filled in the details for the missing dimensions four and five
(see [14]). An overview of the enumeration of genera with small class number is given
in [30].

In the case of an arbitrary totally real number field, Pfeuffer [26] showed that one-class
genera of positive definite quadratic forms cannot exist in more than 32 variables. The
maximal integral forms with class number one have been enumerated recently by the first
author in [13]. Although one expects very few examples of one-class genera of positive
definite quadratic forms over totally real number fields in dimension > 5, no complete
classification is known.

Pfeuffer’s results give an upper bound on the local factors occurring in Siegel’s mass
formula, thus effectively bounding the discriminants of possible base fields for one-class
genera. For non-maximal forms in dimension 3, these bounds are not quite sharp enough
to yield the possible base fields using the currently available tables of totally real number
fields.

The present article addresses this shortcoming by employing the correspondence of
Brzezinski-Peters—Eichler—Brandt (see Section 3), which relates these genera to quater-
nion orders with type number at most 2 (we refer to Section 2 for definitions). Thus, we
will enumerate all genera of positive definite ternary quadratic forms with class number
at most 2 over any totally real number field. These Gorenstein orders can be enumer-
ated directly using Magma [1]. This classification extends the work of Brzezinski [7] who
computed the quaternion orders of type number one over the rationals.

It turns out that there are 4194 one-class genera of positive definite ternary quadratic
forms over 30 different base fields. The largest base field has degree 5. Similarly, there
are 18,538 two-class genera over 75 different base fields, the largest one of which has
degree 6.

This article is organized as follows. In Section 2, we recall properties of quaternion
algebras and orders. In Section 3, we discuss a correspondence between quaternion orders
and lattices in definite quadratic spaces. The list of all definite hereditary quaternion
orders of type number at most 2 will be computed in Section 4. In Section 5 we extend
this list to all definite quaternion orders of type number at most 2. Finally, in the last
section we enumerate all definite quaternion orders having ideal class number at most 2.

A complete list of these orders and genera can be obtained electronically from [15].
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