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1. Introduction

For any prime number n, Fermat’s little theorem asserts that

a” =a (n) (a € Z). (1.1)
Around 1910, Carmichael initiated the study of composite numbers n with the prop-
erty (1.1); these are now known as Carmichael numbers. The existence of infinitely
many Carmichael numbers was first established in the celebrated 1994 paper of Alford,
Granville and Pomerance [1].
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Since prime numbers and Carmichael numbers are linked by the common property
(1.1), from a number-theoretic point of view it is natural to investigate various arith-
metic properties of Carmichael numbers. For example, Banks and Pomerance [9] gave
a conditional proof of their conjecture that there are infinitely many Carmichael num-
bers in an arithmetic progression a + be (¢ € Z) whenever (a,b) = 1. The conjecture was
proved unconditionally by Matoméki [21] in the special case that a is a quadratic residue
modulo b, and using an extension of her methods Wright [25] established the conjecture
in full generality. The techniques introduced in [1] have led to many other investigations
into the arithmetic properties of Carmichael numbers; see [2-5,7,8,10,15-20,22,24] and
the references therein.

In this paper, we combine sieve techniques with the method of [1] to prove the following
result.

Theorem 1.1. There exist infinitely many Carmichael numbers whose prime factors all
have the form p = 1+ a® + b* with some a,b € Z and ged(a,b) = 1. Moreover, there is
a positive constant C' such that the number of such Carmichael numbers not exceeding x
is at least x€ (once x is sufficiently large).

Remark 1.2. The Carmichael numbers described in this theorem are somewhat unusual.
Up to 10%, there are only three such Carmichael numbers, namely 561, 162401 and
221884 001. By contrast, there are 646 “ordinary” Carmichael numbers up to 10°.

As is well known, whenever p = 6k+1, ¢ = 12k+1 and r = 18k + 1 are simultaneously
prime for some positive integer k, the number n = pgr is a Carmichael number. However,
no number of this form is a Carmichael number of the type described in the theorem,
since p—1 = 6k and r — 1 = 3-6k cannot both be expressed as a sum of two squares. O

Let P, be the set of primes of the form p = 1 + a? + b?, where a and b are coprime
integers. The idea underlying our proof of Theorem 1.1 is to show that P, is sufficiently
well-distributed over certain arithmetic progressions so that, following the method of
Alford, Granville and Pomerance [1], the primes used to construct Carmichael numbers
can all be drawn from P,. The semi-linear sieve (see, e.g., Friedlander and Iwaniec [14])
provides good estimates for the number of primes p € P, not exceeding x; however,
following [1] we further require decent upper and lower bounds for the number of such
primes in certain arithmetic progressions of the form 1 modulo d, where d can be as
large as a fixed positive power of x. Fortunately, this is needed only for certain moduli
d that are fairly smooth and not divisible by an exceptional modulus. Consequently, to
achieve the desired bounds we apply the semi-linear sieve to the set of primes p < x with
p = 1 (d) using a modified version of the Bombieri—Vinogradov theorem derived from
Banks et al. [6, Theorem 4.1]; see Theorem 3.3 below.

Theorem 1.1 asserts the existence of infinitely many Carmichael numbers whose prime
factors all have the form p = 1 + ®(a,b), where a,b € Z and ®(z,y) = 2> + y>. In
principle, our methods can be adapted to obtain similar results with other positive



Download English Version:

https://daneshyari.com/en/article/4593238

Download Persian Version:

https://daneshyari.com/article/4593238

Daneshyari.com


https://daneshyari.com/en/article/4593238
https://daneshyari.com/article/4593238
https://daneshyari.com

