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1. Introduction

Let
Mo (X) = X% —aX? 4+ bX — c € Z[X]
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be the minimal polynomial of a cubic algebraic integer a. Let a1, as and ag be the
complex conjugates of a, i.e. the complex roots of I1,(X). Then

2 2
Q3 = {1,a1,a1,a2,a2a1,a2a1}

is a Z-generating system of the order M3 = Z[ay, ag,a3] (see [LL14, LEMMA 4.4]).
Moreover, assume that the cubic number field K = Q(«) is not Galois. Then its normal
closure N = Q(a, a9, a3) is a sextic number field with Galois group isomorphic to
the symmetric group Ss, Q3 is a Z-basis of the Gal(N/Q)-invariant sextic order M3z =
Z|ay, ag, az) and the discriminant dyy, of M is given by dy. = d3, where 0 # d,, € Z
is the discriminant of II,(X) (see [LL14, Lemma 8.1]). More generally, we have (see
[Loul6]):

Theorem 1. Let o be an algebraic integer of degree n > 2. Let 0 # d, € Z be the

discriminant of its minimal polynomial I1,(X) € Z[X]. Let oy, - ,ap be the com-
plex conjugates of «, i.e. the complex roots of I1,(X). Then Q, = {af*---air; 0 <
er < n—k} is a Z-generating system of the order M, := Z[aq, -+ ,ay]. Moreover,

if Gal(Q(aq, -+ ,ap)/Q) is isomorphic to the symmetric group &, then M, is a free
Z-module of rank n!, of Z-basis Q1 and of discriminant Dy = DZ’/Q,

The aim of this paper is to show that, surprisingly, obtaining such a result for Galois
number fields seems much more difficult. We will deal with the simplest Galois case: we
assume that the number field K = Q(«) is cubic Galois, hence cyclic. Clearly, M3 =
Z]ag, ag, ag) is a free Z-module of rank 3. We determine a Z-basis and the discriminant
dyy, of this Gal(K/Q)-invariant cubic order M3, solving the problem raised in [LIL14,
Section 8.4]:

Theorem 2. Let I1,(X) = X3 —aX? + bX — ¢ € Z[X] be the minimal polynomial of a
cubic algebraic integer a. Assume that the cubic number field K = Q(«) is Galois, i.e.
assume that the discriminant d, = —4a®c — 4b> + a?b% + 18abc — 27¢% of M, (X) is a
perfect square, say do, = D?, D € Z. Let ay, a and as be the three complex conjugates
of a, i.e. the three complex roots of I, (X). Set

A = ged(D, 3b — a2, 3ac — b?).
Let x,y,z € Z be such that
A = xD + y(3b — a?) + 2(3ac — b*)
and set
1= xaf + yas + zasal. (1)

Then {1,a1,n} is a Z-basis of the Gal(Q(«)/Q)-invariant order M3 = Z[ay, as, ag] and
dyy, = A? divides d,.



Download English Version:

https://daneshyari.com/en/article/4593295

Download Persian Version:

https://daneshyari.com/article/4593295

Daneshyari.com


https://daneshyari.com/en/article/4593295
https://daneshyari.com/article/4593295
https://daneshyari.com

