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We prove the modularity of the level 13 analogue r13(τ) of 
the Rogers–Ramanujan continued fraction. We establish some 
properties of r13(τ) using the modular function theory. We 
first prove that r13(τ) is a generator of the function field on 
Γ0(13). We then find modular equations of r13(τ) of level n
for every positive integer n by using affine models of modular 
curves; this is an extension of Cooper and Ye’s results with 
levels n = 2, 3 and 7 to every level n. We further show that 
the value r13(τ) is an algebraic unit for any τ ∈ K−Q, where 
K is an imaginary quadratic field.

© 2016 Elsevier Inc. All rights reserved.

✩ The authors are supported by Basic Science Research Program through the National Research 
Foundation of Korea (NRF) funded by the Ministry of Education (2009-0093827), and the first author is 
also supported by the National Research Foundation of Korea (NRF) grant funded by the Korea government 
(MEST) (2014-002731).
* Corresponding author.

E-mail addresses: yoonjinl@ewha.ac.kr (Y. Lee), ykp@ewha.ac.kr (Y.K. Park).

http://dx.doi.org/10.1016/j.jnt.2016.04.009
0022-314X/© 2016 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jnt.2016.04.009
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jnt
mailto:yoonjinl@ewha.ac.kr
mailto:ykp@ewha.ac.kr
http://dx.doi.org/10.1016/j.jnt.2016.04.009
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jnt.2016.04.009&domain=pdf


Y. Lee, Y.K. Park / Journal of Number Theory 168 (2016) 306–333 307

1. Introduction

Let H be the complex upper half plane and q := e2πiτ for τ ∈ H. The Rogers–
Ramanujan continued fraction r(τ) is defined by

r(τ) =
q1/5

1 +
q

1 +
q2

1 +
q3

1 + · · ·

.

It can be also written as an infinite product as follows:

r(τ) = q
1
5

∞∏
n=1

(1 − qn)
(
n
5
)

(1.1)

with the Jacobi symbol 
(
n
N

)
. On the other hand, it has the following interesting prop-

erties:

1
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(1 − q
n
5 )

(1 − q5n) (1.2)

and

1
r5(τ) − 11 − r5(τ) = q−1

∞∏
n=1

(1 − qn)6

(1 − q5n)6 . (1.3)

The identity in (1.1) was proved in [9], and (1.2) and (1.3) were stated by Ramanujan 
[1, p. 85 and p. 267] and proved by Watson [11].

Recently, Gee and Honesbeek studied the modularity of r(τ) and evaluated r(τ) for an 
imaginary quadratic quantity τ [6]. Cais and Conrad investigated the modular equation 
of r(τ) and its properties in the view of arithmetic models of modular curves [3].

For any positive integer N > 2 with 
(−1

N

)
= 1, we define the level N analogue of the 

Rogers–Ramanujan continued fraction to be

rN (τ) := qαN

∞∏
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)
,

where
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