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Let K be a number field and let E1, . . . , En be elliptic curves 
over K, pairwise non-isogenous over K and without complex 
multiplication over K. We study the image G∞ of the adelic 
representation of Gal

(
K/K

)
naturally attached to E1 ×· · ·×

En. The main result is an explicit bound for the index of G∞

in 
{
(x1, . . . , xn) ∈ GL2(Ẑ)n

∣∣ detxi = det xj ∀i, j
}
.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

In this work we prove an explicit, adelic surjectivity result for the Galois representation 
attached to a product of pairwise non-isogenous, non-CM elliptic curves, extending the 
result of [3]. Our main theorem is as follows:
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Theorem 1.1. Let E1, . . . , En, n ≥ 2, be elliptic curves defined over a number field K, 
pairwise not isogenous over K. Suppose that EndK(Ei) = Z for i = 1, . . . , n, and denote 
by G∞ the image of Gal

(
K/K

)
inside

n∏
i=1

∏
�

Aut(T�(Ei)) ∼= GL2(Ẑ)n.

Let γ := 1013 and δ := exp exp exp(12), and set

H = max
{

1, log[K : Q],max
i

h(Ei)
}
,

where h(Ei) denotes the stable Faltings height of Ei. The group G∞ has index at most

δn(n−1) ·
(
[K : Q] ·H2)γn(n−1)

in

Δ :=
{

(x1, . . . , xn) ∈ GL2(Ẑ)n
∣∣ detxi = detxj ∀i, j

}
.

Remark 1.2. Note that the compatibility of the Weil pairing with the action of Galois 
forces G∞ to be contained in Δ. Also note that we shall prove slightly more precise state-
ments (see Lemma 7.3 and Theorem 7.6 below), which immediately imply Theorem 1.1
by Proposition 2.7 and elementary estimates.

Let us give some context for our result. It has been known since the work of Serre and 
Masser–Wüstholz (cf. [7], Main Theorem and Proposition 1) that the isogeny theorem 
(section 2 below) gives an effective bound �0 on the largest prime � for which the image 
of the representation

Gal
(
K/K

)
→ Aut(T�(E1 × · · · ×En))

does not contain SL2(Z�)n. As it was in [3], the main difficulty in proving Theorem 1.1 lies 
in controlling the image of the representation modulo powers of primes smaller than �0; 
in other words, the present result should be thought of as a bound on the exponent of 
any given prime appearing in the factorization of the index [Δ : G∞] (precise statements 
in this direction are obtained in section 6.2, cf. especially Proposition 6.12).

Besides the intrinsic interest of the question addressed by Theorem 1.1, notice that 
(by a standard argument similar to [3, Corollary 9.5]) our result gives a completely 
effective lower bound on the degree of the extension of K generated by a torsion point 
(P1, . . . , Pn) ∈ E1(K) × · · · × En(K) in terms of the order of P : such lower bounds can 
be useful in problems of “unlikely intersections”, see for example Masser’s survey [6], 
especially §7.
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