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In this paper, by the exponential complete Bell polynomials, 
we establish two general approximations for the gamma func-
tion, where the coefficients in the series of the approximations 
can be determined by recurrences. These two general approxi-
mations include as special cases some well-known results such 
as those under the names De Moivre, Gosper, Gosper–Smith, 
Laplace, Luschny, Ramanujan and Wehmeier, and some re-
cently published results such as those due to Batir, Chen, Lu, 
Mortici, Nemes, Paris, et al. By these two general approx-
imations, we give unified approaches to dealing with many 
known approximations of the gamma function and to estab-
lishing new ones.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

The gamma function Γ (x) is one of the most important functions in mathematics and 
has many important applications in various branches of science. Many researches are 
devoted to establishing approximation formulas for the gamma function and the related 
factorial function. For example, the well-known Stirling formula is
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as x → ∞, where Bn are the Bernoulli numbers and |argx| ≤ π − δ < π (0 < δ ≤ π) 
(see, for example, [1, Chapter 6]), the Laplace formula is
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as x → ∞, and the Ramanujan formula is
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as x → ∞.
For an overview of approximations for the factorial function and gamma function, 

the readers are referred to Luschny’s webpage [21], where he lists many approximations, 
including the Stirling formula, the Laplace formula, the Ramanujan formula and some 
other famous ones, such as the De Moivre formula, the Gosper formula, the Stieltjes 
formula and the Wehmeier formula. Moreover, the webpage also presents some results 
published recently, for example, the formulas due to Burić and Elezović [6] and Nemes 
[33,34].

There are so many approximations for the gamma function that have been proposed. 
Therefore, it is natural to find unified approaches to dealing with these approximations 
and to establishing new ones.

Mortici [22,23] introduced a family of approximations:
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where a ∈ [0, 1], which gives
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by setting a = 1, a = 0 and a = 1/2, respectively. It can be found that the leading terms 
of most of the approximations presented before are of these three forms, so Luschny 
defined them by kern0, kern1 and kern2 in his pseudo-code [21]. Mortici [24,26] also used 
(1.2) to study general approximations, which can be rewritten as
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