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1. Introduction

Let E/Q be an elliptic curve. Let p be a prime of good reduction for E, and let E/Fp
be the corresponding reduction. The trace of Frobenius of E modulo p can be defined
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by a,(E) = p+ 1 — #E(F,). Hasse’s theorem [Sil, Theorem V.1.1] famously asserts
that

—2/p < ay(E) < +2,/p. (1.1)

We therefore say [-2,/p, +2,/p] is the Hasse interval of p. By [De], every integer in the
Hasse interval of a fixed prime p is the trace of Frobenius of some rational elliptic curve
modulo p. However, if we instead fix £/Q and vary p, then the statistical distribution
of the a,(F) is not completely understood.

Hereafter, if f, g denote functions of X, then the phrase “f ~ g as X — 00” stands
for limx_,o f/g = 1. In comparison with the unnormalized traces a,(E), we know much
more about the distribution of the normalized traces b,(E) = a,(E)/2./p. Specifically,
the latter depends only on whether E has complex multiplication (CM). In the CM case,
the distribution of the b, is due to Hecke, cf. [Hel He2:

Theorem 1.1 (Hecke). If E has CM and [a,b] C [—1,+1], then the distribution of the
by(E) has a spike at 0 of measure 1/2 and

#{p < X of good reduction for E : b,(E) € [a,b] \ {0}}

b
i / 1 a X
21 V1 —t2 log X

(1.2)

as X — 00.

In the non-CM case, the analogous result was known as the Sato—Tate conjecture until
its recent proof by Clozel, Harris, Shepherd-Barron and Taylor, cf. [CHT,T,HST], and
[BGHT:

Theorem 1.2 (Clozel, Harris, Shepherd-Barron, Taylor). If E does not have CM and
[a,b] C [—1,+41], then

#{p < X of good reduction for E : b,(E) € [a,b]}

B
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«

as X — 00.

Finally, the current hypothesis for the distribution of the unnormalized a,(E) is known
as the Lang—Trotter conjecture [LT]:

Conjecture 1.3 (Lang—Trotter). Let E/Q be an elliptic curve and let r € Z. If either
r # 0 or E does not have CM, then
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