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Let 7 be a unitary automorphic cuspidal representation of
GL2(Qa) with Fourier coefficients Ax(n). Asymptotic expan-
sions of certain sums of Ar(n) are proved using known func-
torial liftings from GLs, including symmetric powers, isobaric
products, exterior squares, and base change. These asymptotic
expansions are manifestation of the underlying functoriality
and reflect value distribution of A\(n) on integers, squares,
cubes and fourth powers.
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1. Introduction

Let m = ®m, be a unitary automorphic irreducible cuspidal representation of GL2(Q4)
with Fourier coefficients A;(n). For each finite p for which 7, is unramified we can
associate to m, Satake parameters a,(p), 5r(p) € C such that

Ax(p) = ax(p) + Bx(p), |ox(p)Bx(p)l = 1.

For ramified m,, one can still choose a(p), Br(p) € C, by allowing some of them to be
zero, such that the finite-part automorphic L-function attached to 7 is

L(s,m) =Y /\’T(:L) = [T (= anlp)p™) " (1 Balp)p™) (L.1)
n=1

n
p<oo

for Res > 1.
If 7 is associated with a holomorphic cusp form for a congruence subgroup of SLy(Z),
the Ramanujan bound was proved by Deligne [4]

|l (p)| = [B=(p)| = 1

for p with 7, being unramified. For other cases the best known bound toward the Ra-
manujan conjecture is

lar (p)], 1Bx(p)] < po7, (1.2)

which is due to Kim and Sarnak [12].

Let us review known functoriality from an automorphic cuspidal representation 7 of
GL2(Qy) (cf. Kim [11]).

1.1. The symmetric square lift. By Gelbart and Jacquet [5] Sym?r is an automorphic
representation of GL3(Qa). It is cuspidal if and only if 7 is not monomial. Here 7 is
monomial which means that there is a nontrivial gréssencharacter w so that 7 = 7 ® w.
This in turn means that 7 corresponds to a dihedral Galois representation Gal(@/ Q).

1.2. The symmetric cube. Kim and Shahidi [14] proved that Sym> is an automorphic
representation of GL4(Qy). In addition, Sym3w is cuspidal if and only if 7 does not
correspond to a dihedral or tetrahedral Galois representation. We recall 7 is tetrahedral
means the 7 is not monomial and there exists a gréssencharacter n # 1 so that Ad’r =~
Ad*m @ n. Here Ad*m = Sym*1 ® w1, where w; is the central character of 7.

1.3. The symmetric fourth power. By Kim [10] Sym*7 is an automorphic representa-
tion of GL5(Q4a). It is either cuspidal or unitarily induced from cuspidal representations
of GLy(Q4) and GL3(Qg). More precisely, Sym*r is cuspidal unless 7 corresponds to ei-
ther a dihedral, tetrahedral, or octahedral Galois representation (Kim and Shahidi [13]).
Here 7 is octahedral means Ad>r is cuspidal, but there exists a nontrivial quadratic
character p so that Ad®m = Ad®r @ p.
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