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Let m be a fifth power free integer greater than one. Let K be 
an algebraic number field generated by a fifth root of m over 
the rational number field. If m has a prime factor p congruent 
to −1 modulo five, the class number of K is a multiple of five.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Let l be a prime, K a pure field of degree l, i.e., K = Q(m1/l) where m is an l-th 
power free integer greater than one, and L the Galois closure of K over the rational 
number field Q. There is a question when the class number hK of K is divisible by l. 
Genus theory gives an answer in the case l = 2. Honda [1] solved the cubic case and his 
method became a model of researches on this subject. Subsequently to Honda’s study, 
Parry [5] studied the case l = 5 and found the difficulty in this case. He presented the 
relation formula between the class numbers of K and L:
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55hL = cmh4
K ,

where hL is the class number of L and cm is a divisor of 56. He also gave necessary and 
sufficient conditions for L to have the class number divisible by 5, and left the six cases 
unclear whether hK is divisible by 5 or not (see Theorem IV of [5]). For instance, the 
divisibility remained unclear when m is a prime number p such that p ≡ −1 (mod 5). 
Iimura [2] showed that there are infinitely many fields K with 5 � hK and 5 | hL in this 
quintic case. For a general odd prime l, Parry and Walter [6] gave necessary and sufficient 
conditions for L to have the class number divisible by l. They also derived necessary 
conditions for K to have the class number divisible by l when the class number of the 
maximal real subfield of the l-th cyclotomic field is not divisible by l.

On the other hand, Ishida [3] showed that if l is an odd prime and m has a prime 
factor p with p ≡ 1 (mod l), the class number of K is divisible by l. He showed that 
the composite field of K and the subfield of degree l of the p-th cyclotomic field is 
unramified over K, and then the divisibility follows from class field theory. Here, we 
pose the following conjecture:

Conjecture 1. Let l be an odd prime greater than three and let p be a prime such that p ≡
−1 (mod l). If an l-th power free positive integer m is divisible by p and K = Q(m1/l), 
then the class number of K is divisible by l.

It is easy to see that Ishida’s method does not work in this case. In this paper we 
prove this conjecture for l = 5, i.e.,

Theorem 1. Let m be a fifth power free positive integer and let K = Q(m1/5). If m has 
a prime factor p with p ≡ −1 (mod 5), then the class number of K is divisible by five.

As a consequence, we make clear three of the six cases left by Parry. Our method is 
essentially based on an investigation of the Galois module structure of the unit group 
of L, but our description is solely devoted to the unit group of the maximal real subfield 
of L since it is sufficient for our purpose.

We will describe an outline of the proof briefly. Let K = Q(m1/5) where m is a fifth 
power free integer greater than one, and L the Galois closure of K over the rational 
number field Q. Let L+ be the maximal real subfield of L. In general, we show that 
5 | hK if and only if 5 | hL+ , where hK and hL+ are the class numbers of K and L+

respectively. Further assume that 5 � hL+ . Under this assumption, we determine a set 
of fundamental units of L+ and investigate endomorphisms of the unit group of L+. 
When m has a prime divisor p congruent to −1 modulo five, applying the investigation 
to an abstract unit constructed by totally ramified primes in the extension L+/Q(

√
5), 

we encounter a contradiction with our assumption that 5 � hL+ .
Finally, we touch on the following useful theorem, which is used twice as n = 1 in this 

paper.
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