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Consider A an abelian variety of dimension r, defined over a 
number field F . For ℘ a finite prime of F , we denote by F℘

the residue field at ℘. If A has good reduction at ℘, let Ā
be the reduction of A at ℘. In this paper, under GRH, we 
obtain an asymptotic formula for the number of primes ℘
of F , with NF/Q℘ ≤ x, for which Ā(F℘) has at most 2r − 1
cyclic components.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Let A be an abelian variety defined over a number field F , of conductor N , and of 
dimension r, where r ≥ 1 is an integer. Let ΣF be the set of finite places of F , and for ℘
a prime of F , let F℘ be the residue field at ℘. Let PA be the set of primes ℘ ∈ ΣF of good 
reduction for A (i.e. (NF/Q℘, NF/QN ) = 1). For ℘ ∈ PA, we denote by Ā the reduction 
of A at ℘.
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We have that Ā(F℘) ⊆ Ā[m](F̄℘) ⊆ (Z/mZ)2r for any positive integer m satisfying 
|Ā(F℘)||m. Hence

Ā(F℘) � Z/m1Z× Z/m2Z× · · · × Z/msZ, (1.1)

where s ≤ 2r, mi ∈ Z≥2, and mi|mi+1 for 1 ≤ i ≤ s − 1. Each Z/miZ is called a cyclic 
component of Ā(F℘). If s < 2r, we say that Ā(F℘) has at most (2r−1) cyclic components 
(thus if r = 1 this means that Ā(F℘) is cyclic). For x ∈ R, define

fA,F (x) = |{℘ ∈ PA|NF/Q℘ ≤ x, Ā(F℘) has at most (2r − 1) cyclic components}|.

Let F (A[m]) be the field obtained by adjoining to F the m-division points A[m] of A.
In this paper we prove the following result (for the very particular case of abelian 

varieties over Q that contain elliptic curves defined also over Q see the main theorems 
of [AG], and for the case of elliptic curves see [S,MU,CM,KL]):

Theorem 1.1. Let A be an abelian variety over a number field F of dimension r ≥ 1. 
Assume that the Generalized Riemann Hypothesis (GRH) holds for the Dedekind zeta 
functions of the division fields for A. Then we have

fA,F (x) = cA,F li x + O(x5/6(log x)2/3),

where li x :=
∫ x

2
1

log tdt, and

cA,F =
∞∑

m=1

μ(m)
[F (A[m]) : F ] ,

where μ(·) is the Mobius function.

2. General abelian varieties

For F a number field, we denote GF := Gal(F̄ /F ). Let A be an abelian variety over F
of dimension r ≥ 1, and of conductor N . We denote by PA the set of primes ℘ ∈ ΣF of 
good reduction for A (i.e. (NF/Q℘, NF/QN ) = 1). For m ≥ 1 an integer, let A[m] be the 
m-division points of A in F̄ . Then

A[m] � (Z/mZ)2r.

If F (A[m]) is the field obtained by adjoining to F the elements of A[m], then we have a 
natural injection

Φm : Gal(F (A[m])/F ) ↪→ Aut(A[m]) � GL2r(Z/mZ).
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