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Let E be an elliptic curve defined over Q. It is known that the 
structure of the reduction E(Fp) is

E(Fp) � Z/dpZ⊕ Z/epZ (1)

with dp|ep. The constant

CE,j =
∞∑

k=1

μ(k)
[Q(E[jk]) : Q]

appears as the density of primes p with good reduction for E
and dp = j (under the GRH in the non-CM case, uncondi-
tionally in the CM case). We give appropriate conditions for 
this constant to be positive when j > 1.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Let E be an elliptic curve over Q, and p be a prime of good reduction for E. Denote 
E(Fp) by the group of Fp-rational points of E. It is known that the structure of E(Fp)
is

E(Fp) � Z/dpZ⊕ Z/epZ (2)
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with dp|ep. The cyclicity problem asks for the density of primes p of good reduction for E
such that dp = 1. We exclude the degenerate case Q(E[2]) = Q, where we have CE = 0
trivially. Thus, all the results stated below are under the assumption Q(E[2]) �= Q.

Let N be the conductor of the elliptic curve E and denote f(x, E) by the number 
of primes p of good reduction for E such that dp = 1. A. Cojocaru and M.R. Murty 
(see [CM]) obtained that if E does not have complex multiplication (non-CM curves), 
then

f(x,E) = CELi(x) + ON (x5/6(log x)2/3),

under the Generalized Riemann Hypothesis (GRH) for the Dedekind zeta functions of 
division fields. For elliptic curves with complex multiplication (CM curves), they obtained

f(x,E) = CELi(x) + ON (x3/4(logNx)1/2),

under the GRH. An unconditional error term in CM case is O(x logx)−A for any posi-
tive A. Precisely, A. Akbary and V.K. Murty (see [AM]) obtained

f(x,E) = CELi(x) + OA,B(x(log x)−A),

for any positive constant A, B, and the OA,B is uniform for N ≤ (log x)B . Here, CE =∑∞
k=1

μ(k)
[Q(E[k]):Q] .

A. Cojocaru (see [C]) obtained the density of primes p of good reduction for E such 
that dp = j for j > 1. It is

CE,j =
∞∑
k=1

μ(k)
[Q(E[jk]) : Q] ,

under the GRH for the Dedekind zeta functions of division fields. For CM curves, it can 
be shown unconditionally. Denote by A(E) the associated Serre’s constant for the elliptic 
curve E, which has the property:

If (k,A(E)) = 1, then the Galois representation:

Gal(Q(E[k])/Q) → GL(2,Z/kZ) is surjective.

The positivity of CE in non-CM case is achievable under the GRH, and the result is 
unconditional in the CM case. However, it was not known whether CE,j > 0 for some 
j > 1. In this note, we obtain the positivity under appropriate conditions.

Theorem 1.1. Let E be a non-CM elliptic curve over Q, and N the conductor of E. Let 
A(E) be the associated Serre’s constant. Suppose also that Q(E[2]) �= Q. Let j > 1 be 
an integer satisfying (j, 2NA(E)) = 1. Then CE,j > 0 under the GRH for the division 
fields.
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