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In this paper, we compute some universal deformation rings 
for certain rank two Galois representations. We then study the 
relations between different deformation rings. These relations 
give explicit examples for the Breuil–Mézard conjecture.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Fix a prime number p ≥ 3, a finite extension F/Fp. Let r̄ : GQp
→ GL2(F) be a 

rank two continuous representation. In this paper, for certain non-split r̄, we compute 
a Fontaine–Laffaille deformation ring of r̄ and a potentially Barsotti–Tate deformation 
ring of r̄. We then construct a canonical isomorphism between these two deformation 
rings, which provides an explicit example for the geometric Breuil–Mézard conjecture.

1.1. The geometric Breuil–Mézard conjecture

Let L be a finite totally ramified extension of W (F)[1/p] with ring of integers O
and uniformiser π. We assume that L is sufficiently large, in particular, we assume that 
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�F > 5, so that PGL2(F) is a simple group. (Note that this condition is not essen-
tial for the computation in this paper, but it is needed in [7] to prove Theorem 1.3
and in Section 4.1 for the global situation.) Let τ : IQp

→ GL2(L) be an inertial 
type, i.e., a representation with open kernel which extends to WQp

. Let ε and ω be 
the p-adic cyclotomic character and the mod p cyclotomic character respectively. Fix 
integers a, b with b ≥ 0 and a character ψ : GQp

→ O× such that ψε = det r̄. We let 
R�,ψ(a, b, τ, ̄r) and R�,ψ

cr (a, b, τ, ̄r) be the framed deformation O-algebras which are uni-
versal for framed deformations of r̄ with determinant ψε, and are potentially semistable 
(respectively potentially crystalline) with Hodge–Tate weights (a, a + b + 1) and inertia 
type τ . Let σ(τ) and σcr(τ) denote the finite-dimensional irreducible L-representation 
of GL2(Zp) corresponding to τ via Henniart’s inertial local Langlands correspondence. 
We set σ(a, b, τ) = σ(τ) ⊗L deta Symmb L2 and σcr(a, b, τ) = σcr(τ) ⊗E deta Symmb L2. 
We let La,b,τ (respectively Lcr

a,b,τ ) be a GL2(Zp)-stable O-lattice in σ(a, b, τ) (respec-
tively σcr(a, b, τ)). Write σm,n for the representation detm ⊗ Symmn F2 of GL2(Fp), 
0 ≤ m ≤ p − 2, 0 ≤ n ≤ p − 1. Then we may write

(La,b,τ ⊗O F)ss ∼−−→ ⊕m,nσ
am,n
m,n ,

and

(Lcr
a,b,τ ⊗O F)ss ∼−−→ ⊕m,nσ

acr
m,n

m,n ,

for some integers am,n and acrm,n. The geometric Breuil–Mézard conjecture is the follow-
ing.

Conjecture 1.1. There are cycles Cm,n(r̄) depending only on m, n, and r̄ such that for 
any a, b, τ ,

Z(R�,ψ(a, b, τ, r̄)/π) =
∑
m,n

am,nCm,n(r̄)

and

Z(R�,ψ
cr (a, b, τ, r̄)/π) =

∑
m,n

acrm,nCm,n(r̄).

Remark 1.2. See [7, Section 1.1] for the definition of cycles. As remarked in [7, Re-
mark 3.1.5], or by [7, Lemma 4.3.1], the truth of the conjecture is independent of the 
choice of ψ. We may assume that ψ is crystalline. If Conjecture 1.1 is true for all a, b, τ , 
then Cm,n(r̄) = 0 unless det r̄|IQp

= ω2m+n+1. Furthermore, if det r̄|IQp
= ω2m+n+1, we 

must have

Cm,n(r̄) = Z(R�,ψ
cr (m̃, n,1, r̄)/π),

where m̃ is chosen so that ψ|IQp
= ε2m̃+n and m̃ ≡ m (mod p− 1).
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