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Jacobi’s theta sums
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1. Introduction

Let &1 (Q) be the family of all positive definite and symmetric n X n matrices with
rational components. Given M € &1 (Q), we consider the quadratic form @y defined by
Qm(x) = (Mx, x) for x € R and the corresponding ellipsoid

E}(a) ={x € R": Qu(x — a) < R?}

centered at a vector a € R™, and we write EN = E¥(0) for R > 0.

Our interests are focused on the distribution of integral lattice points inside E% as R
tends to infinity. In place of the ellipsoid centered at the origin, we consider the ellipsoid
with a diophantine center of type k as defined below.

Definition 1.1. A vector @ € R;lis said to be of diophantine type k, if there exists a
¢
constant ¢y > 0 such that ‘a — —| > —2 for all m € Z™ and g € N.
q q

The smallest possible value of k is 1 + 1/k in the above definition. In this case, a is
called badly approximable (see [8]).

We consider the counting function Ny in the ellipsoid with a diophantine center of
type x introduced in [1]. For convenience, we assume that M € G} (Z) for now and we
shall see that this can be extended to the case M € &' (Q) as noted in Remark 1.6.
Let 1p be the characteristic function of the unit open ball B = B; in R"™ and 1w be
the characteristic function of the ellipsoid EM = EM corresponding to M € &} (Z). For
t > 0, we denote by Nn(t) := #(Z™ N E}'(a)) the number of lattice points inside the
ellipsoid EM(a) centered at a diophantine vector a € R™; that is to say,

Nu(t)= Y Lpu <mt"‘).

mezZn

In this paper, we investigate the asymptotics of the following deviations: from their
asymptotics (see (2.3) and (2.4)), we can consider the normalized deviation Fy(t) of
N (t) defined by

Nu(t) — [EM]t"

and the normalized deviation Sy (¢, 7) of the number of lattice points inside the spherical
shell between the elliptic spheres of radii ¢t + n and ¢ given by

_ Nu(t+n) = Nu(t) = [EM|((t+ )" —t")
- \/ﬁt(nfl)/Q

as t — oo and 1 — 0, where |EM| denotes the volume of the ellipsoid EM.

Swm(t,n) : (1.2)
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