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1. Introduction

In this paper we are concerned with the almost prime integral points on cubic surfaces.

Let P, indicate an r-almost prime, which is a number with at most r prime fac-

4

tors, counted with multiplicity. Furthermore, let Z;, be the set of vectors x =

(wo, w1, T2, 23) € Z* with ged(zo, 21, 2, 3) = 1. For any cubic surface S C P3 defined
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over Q, we define the saturation number r(S) to be the least number r such that the
set of x € Z2;,, for which [x] € S and zoz12225 = P, is Zariski dense in S. The main
aim of this paper is to show that r(S) < oo for a non-singular surface (the Fermat cubic
surface) and a singular surface (the Cayley cubic surface).

Bourgain, Gamburd and Sarnak [2] and Nevo and Sarnak [17] established upper
bounds for saturation numbers for orbits of congruence subgroups of semi-simple groups
acting linearly on affine space. Moreover, Liu and Sarnak [15] considered the satura-
tion number for certain affine quadric surfaces. However, these results do not cover the
surfaces considered here.

The Fermat cubic surface is defined in P? by the equation
Sy xd+at+ah+ a3 =0.

It is non-singular and has 27 lines, three of which are rational and take the form x; +x; =
zr +x; = 0.
The Cayley cubic surface is defined in P3 by the equation

SQ I X1X2X3 + ToT2x3 + ToX1X3 + ToT1X2 = 0.

It has singularity type 4A;. Moreover, there are 9 lines in the surface, three of which
have the form x; + x; = x;, + x; = 0, and the remaining six have the shape z; = z; = 0.

When considering the almost prime points on the surface, we are looking for the set
of such points which form a Zariski dense subset. Thus it is not enough to work with
almost prime points lying on individual curves contained in the surface. In particular,
by writing U for the complement of the lines in the surface S, we may restrict attention
to the open subset U C S.

To prove that a set of [x] € S is Zariski dense, it suffices to prove that given € > 0
and any & € R* satisfying [£] € U, there exists B € N sufficiently large and at least one
point [x] in the set, such that

‘%—£‘<5.

The following are our main results and establish the finiteness of r(S1) and r(S2).

Theorem 1. Let [€] € U1(R) and € > 0. Define

[X] S U1,

5-¢<e,

ToT12273 = P

My, (&,6,B,r) =#{xcZ*:

Then for sufficiently large B, we have
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