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1. Introduction and results

In this work we establish a negative solution to the analogue of Hilbert’s tenth problem
for rings of one variable non-Archimedean entire functions in any characteristic (such a
result for one variable non-Archimedean entire functions was only known in characteris-
tic zero, see [11]). Moreover, we prove that the ring Z is uniformly positive existentially
interpretable in the class of rings of one variable entire functions in positive character-
istic, which leads to uniform undecidability results in the positive characteristic case
(extending some results from [15]). Let us introduce some notation before stating our
results in a precise way.

Let R be an integral domain endowed with an absolute value | - |. We denote by Agr
the ring of entire functions defined over R, by which we mean the ring of power series in
the variable ¢t with coefficients in R and infinite radius of convergence. More precisely,
when | - | is Archimedean this ring is defined as

Ap = cht":Vr€R+, lim Z len|r™ =0
o M*)OOnZM

while when | - | is non-Archimedean this ring is defined as

Ar = ent” ¥r € RY, lim ey |r™ =0
R Z%TL ’M*)OO|M|
n=z

We remark that the elements of Ag define (by evaluation) functions R — R when R is
complete, but not in general. Also, there is a slight abuse of notation (the absolute value
is not explicit in Ag) but this should not lead to any confusion in the present work.

For different choices of R one recovers some familiar examples of Ag. For instance,
Ac is the ring H of holomorphic functions on C, while Ac, is the ring of analytic
functions H, on C, (as usual, C, denotes the completion of the algebraic closure of Q).
Also, observe that any ring R can be given the trivial absolute value, in which case
Ar = R[t]. When the absolute value is non-trivial, Ag can strictly contain R[t] even in
positive characteristic (which is the most relevant case for our purposes); for example,
we can take R = FF,[[q]] (¢ is transcendental over F,) with the valuation of the order
at ¢, then the power series

St e Rl

is an element of Ag and it is not in R[]

The arithmetic of Ag shares many similarities with the arithmetic of Z. This analogy is
classically known in the case of A, = F,[t]. For R = C, and for non-Archimedean (com-
plete, algebraically closed) fields R in any characteristic with non-trivial absolute value,
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