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1. Introduction

Let n and N be positive integers, and p be an odd prime not dividing nN. Recently,
Cho showed in [1] that there exists a unique finite abelian extension L of the imaginary
quadratic field K = Q(v/—n), which is also Galois over Q, for which
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p = x? + ny? for some z,y € Z satisfying 2 = 1 (mod N) and y = 0 (mod N)

<= p splits completely in L.

Let f(X) € Z[X] be the minimal polynomial of a real algebraic integer which generates
L over K. He further claimed by making use of class field theory [2, Proposition 5.29]
that if p does not divide the discriminant of f(X), then

p splits completely in L
<= (—n/p) =1 and f(X) =0 (mod p) has an integer solution.

His work extends the classical one for N = 1 [2, Theorem 9.2], however, he did not
present any algorithm how to construct a primitive generator of such field L over K.

In this paper we shall first show that L is in fact the compositum of the ring class field
of the order O = [Ny/—n, 1] and the ray class field modulo NOg (Theorem 3.5). Then,
we shall theoretically construct a primitive generator of L over K as a real algebraic
integer by combining two classical generators (Theorem 4.6 and Corollary 4.7). To this
end we shall make use of some consequences of the main theorem of complex multipli-
cation and Shimura’s reciprocity law. Lastly, we shall give several concrete examples on
these Diophantine equations in terms of the special values of primitive generators of the
function fields of some modular curves (Examples 4.12, 4.13 and 4.14).

2. Modular functions

Let N be a positive integer and I" be one of the following congruence subgroups

[1(N)={y€e€SL(Z) | v
T(N) = {y €SLy(Z) | v = |

Then the group T' = (T, £15) /{# >} acts on the complex upper half-plane H = {7 € C |
Im(7) > 0} by fractional linear transformations, and the orbit space

X (D) = F\(HU QU {isc})

for the left action of T' can be given the structure of a compact Riemann surface [10,
Chapter 1]. We call X(T") the modular curve for T' and also denote it by X;(N) or
X (N) according as T' =Ty (N) or T'(N). If C(X(T")) denotes the field of all meromorphic
functions on X (T'), then we have the inclusion C(X;(N)) C C(X(N)). Observe that every
function in C(X(T)) has the Fourier expansion with respect to ¢'/~, where ¢ = €™ [10,
§2.1]. In particular, since [(1) H € I'1(N), every function in C(X;(N)) has the Fourier
expansion with respect to g. We further let Q(X(I')) be the field of all functions in

1/N

C(X(T")) whose Fourier expansions with respect to ¢'/* have rational coefficients.
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