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The Weil sum WK,d(a) =
∑

x∈K ψ(xd+ax) where K is a finite 
field, ψ is an additive character of K, d is coprime to |K×|, 
and a ∈ K× arises often in number-theoretic calculations, 
and in applications to finite geometry, cryptography, digital 
sequence design, and coding theory. Researchers are especially 
interested in the case where WK,d(a) assumes three distinct 
values as a runs through K×. A Galois-theoretic approach, 
combined with p-divisibility results on Gauss sums, is used 
here to prove a variety of new results that constrain which 
fields K and exponents d support three-valued Weil sums, 
and restrict the values that such Weil sums may assume.
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1. Introduction

Let K be a finite field of characteristic p. Let ψK be the canonical additive character 
of K, that is, ψK(x) = exp(2iπTrK/Fp

(x)/p) where TrK/Fp
is the absolute trace. Weil 

sums with ψK applied to binomials, that is, sums of the form 
∑

x∈K ψK(bxj +cxk), have 
been studied extensively from the early twentieth century to present [32,37,41,14,1,23,6,
7,33,31,11,9,10]. We are interested in such sums when j and k are coprime to |K×|, in 
which case we reparameterize them to obtain sums of the form

WK,d(a) =
∑
x∈K

ψK(xd + ax) (1)

with gcd(d, |K×|) = 1 and a ∈ K. This definition will remain in force throughout the 
paper, and we shall always insist that gcd(d, |K×|) = 1 whenever we write WK,d. The 
sums WK,d(a) are always real algebraic integers [20, Theorem 3.1(a)], and furthermore, 
are all rational integers if and only if d ≡ 1 (mod p − 1) [20, Theorem 4.2]. Apart from 
arising often in number-theoretic calculations, these sums are also the key to problems 
in finite geometry, cryptography, digital sequence design, and coding theory, as discussed 
in [27, Appendix].

For a fixed K and d, we consider WK,d(a) as a function of a ∈ K×, and are interested 
in how many different values it assumes as a runs through K×. WK,d(a) with a = 0 is 
passed over, as it is the Weil sum of the monomial xd, and since x �→ xd is a permutation 
of K, we always have WK,d(0) = 0. We call {WK,d(a) : a ∈ K×} the value set of WK,d, 
and say that WK,d is v-valued over K to mean that this set is of cardinality v.

If d ≡ pj (mod |K×|) for some j, we say that d is degenerate over K, because 
TrK/Fp

(xd + ax) = TrK/Fp
((1 + a)x), and so the binomial effectively becomes zero (if 

a = −1) or a nonvanishing linear form (if a �= −1). Thus if d is degenerate over K, one 
readily obtains for a ∈ K that

WK,d(a) =
{
|K| if a = −1,
0 otherwise.

(2)

Helleseth [20, Theorem 4.1] shows that one always obtains a richer value set in the 
nondegenerate case.

Theorem 1.1. (See Helleseth, 1976.) If d is nondegenerate over K, then WK,d(a) takes 
at least three values as a runs through K×.

Here we want to know when Weil sums of this form can be three-valued, and if so, 
what are the three values they may take. We indicate all known infinite families of 
three-valued examples, arranged according to analogy, in Table 1 below.

In several entries, we make use of the p-adic valuation of an integer a, denoted valp(a), 
which is the maximum k such that pk | a (or ∞ if a = 0). We write “nondegenerate” in 
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